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Cyber-physial systems

◮
General ontext : integration of omputational elements in the physial

world

◮
Objet of study : ontrol of physial systems onsidering omputational

and ommuniation implementation/onstraints

◮
Cyberneti systems : embedded omputers, ommuniation networks,

distributed sensors, et - disrete models

◮
Physial proesses - ontinuous models

◮
Hybrid Dynamis ⇒ new hallenges in Control Theory
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General ontext : interation between omputational elements and

physial systems
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Networked Control Systems (NCS)
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◮
Sampling instants {s
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}
k∈N, s

k+1 = s
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+ h

k

◮
Flutuations of the transmission (sampling) step

h
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= s

k+1 − s

k

∈ [h, h]
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Challenges in NCS

Proessor : limited alulation power

Network : �nite bandwidth

Sampler : minimum responding time






⇒ �nite number of samples per time unit

How fast SHOULD we sample ? ↔ How fast CAN we sample ?
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Challenges in NCS

Sampler lok : jitter

Network : paket dropouts

Sheduling : interation between algorithms

Real-time omputing : miroproessor lateny







⇒ sampling is not neessarily periodi

Possible destabilizing e�et !
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E�ets of sampling variation (Zhang, 2001)
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E�ets of sampling variation (Zhang, 2001)

ẋ(t) = Ax(t) + Bu(t), u(t) = Kx(s
k

)

Periodi sampling sequene
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E�ets of sampling variation (Zhang, 2001)

ẋ(t) = Ax(t) + Bu(t), u(t) = Kx(s
k

)

Constant sampling step
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E�ets of sampling variation (Zhang, 2001)
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E�ets of sampling variation (Zhang, 2001)

Stability domain (allowable sampling intervals, in blue) for a

periodi sampling sequene T
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Question

How to redue the omputational (proessor and/or network) load

while ensuring the system stability ?
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Researh diretions

2 main diretions :

◮
Robust stability analysis with respet to time-varying sampling

ẋ(t) = Ax(t) + Bu(t)

x(t)u(t)

PLANT

CONTROLLER

A/DD/A

x(s
k

)u(s
k

) = Kx(s
k

)

s

k+1 = s

k

+ h

k

Sampling interval h

k

∈ [h, h]
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Researh diretions

2 main diretions :

◮
Dynami ontrol of sampling

ẋ(t) = Ax(t) + Bu(t)

x(t)u(t)

PLANT

CONTROLLER

A/DD/A

x(s
k

)u(s
k

) = Kx(s
k

)

s

k+1 = s

k

+ τ(x(s
k

))

Sampling map τ : Rn → R+
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Robust stability analysis with respet to time-varying sampling

◮
Disrete-time and Convex Embedding

◮
Time-delay approah

◮
Hybrid (Impulsive) System modelling approah

◮
I/O approah
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Disrete-time and Convex Embedding

◮
Basi referenes

Molhanov, Bauer - IEEE TAC 1999

Hetel, Daafouz, Iung - IEEE TAC 2006

Fujioka - IEEE TAC 2009

Cloosterman et. al - Automatia 2010

Hetel, Kruszewski, Perruquetti, Rihard - IEEE TAC 2011

◮
Continuous-time model

ẋ = Ax + BKx(s
k

), ∀t ∈ [s
k

, s
k+1), h

k

= s

k+1 − s

k

∈ [h, h]

◮
Disrete-time model (LPV system)

x

k+1 = Λ(h
k

)x
k

, Λ(h) = e

Ah +

∫
h

0

e

As

dsBK
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Disrete-time and Convex Embedding

◮
Disrete-time model (LPV system)

x

k+1 = Λ(h
k

)x
k

, Λ(h) = e

Ah +

∫
h

0

e

As

dsBK

◮
For quadrati Lyapunov funtions

V (x) = x

T

Px , P = P

T ≻ 0

◮
Stability ondition : V (x

k+1)− V (x
k

) < 0, ∀x 6= 0
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Disrete-time and Convex Embedding

◮
Parametri set of Linear Matrix Inequalities (LMIs)

ΛT (τ)PΛ(τ) − P ≺ 0, τ ∈ [h, h]

In�nite number of Lyapunov inequalities

◮
Tratable onditions using a onvex embedding :

Λ(τ) = e

Aτ +

∫ τ

0

e

As

dsBK ∈ o {L
1

, L
2

, . . . , L
N

} , τ ∈ [h, h]

◮
Finite number of LMI stability onditions for polytopi systems

(Daafouz, Bernussou)

L

T

i

PL

i

− P ≺ 0, i ∈ {1, . . . ,N}
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Exponential unertainty

Λ(τ) = e

τA +

∫ τ

0

e

sA

dsBK = I +

∫ τ

0

e

sA

ds (A+ BK )

Γ(ρ) =

∫ ρ

0

e

As

ds, h < ρ < h

urve in the spae of R
n×n

ma-

tries
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Exponential unertainty - Polytopi Embedding

∃µ
i

> 0, ∀i = 1, . . . ,N,

N∑

i=1

µ
i

= 1

Γ(ρ) =

∫ ρ

0

e

As

ds =

N∑

i=1

µ
i

(ρ)A
i

Taylor series :

◮
(Hetel, Daafouz, Iung, TAC 2006)

Jordan Forms :

◮
(Cloosterman, et. al, TAC 2009),

◮
(Olaru, Niulesu, IFAC World Congress 2007),

Cayley-Hamilton :

◮
(Gielen, et al. Automatia, 2010)
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Jordan normal form
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Jordan normal form
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Jordan normal form
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Disrete-time and Convex Embedding
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Remarks

◮
Quadrati stability = su�ient only stability ondition

◮
Lyap. funt. neessary and su�ient for stability (Molhanov

and Pyatnitsky ; Hetel et al. TAC 2011) :

V (x) = x

T

P[x]x , P[x] = P[ax],∀a > 0

◮
Unertainties in the system matries A = A

0

+∆A ?

◮
Linear time-varying systems A = A(t) ?
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Disrete-time and Convex Embedding
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Time-delay approahes

◮
Basi referenes

Y. Mikheev, V. Sobolev, and E. Fridman. Automation and Remote

Control, 1988.

A.R. Teel, D. Nesi, and P.V. Kokotovi - IEEE CDC 1998

E. Fridman - Automatia, 2010

A. Seuret - Automatia, 2012

F. Mazen, M. Maliso�, and T.N. Dinh - Automatia, 2013

I. Karafyllis and M. Krsti - IEEE TAC, 2012

◮
Time-delay system

ẋ = Ax + A

d

x (t − τ)

System state : x

t

(θ) = x(t + θ), θ ∈ [0,−τ ]
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Time-delay approahes

                     
 

 

 

 

 

 

t

                     
 

 

 

 

 

t

δ
(t

)
=

t
−

t
k

◮
Continuous-time model

ẋ = Ax + BKx(s
k

), ∀t ∈ [s
k

, s
k+1), h

k

= s

k+1 − s

k

∈ [0, h]

◮
Time delay system : x(s

k

) = x (t − (t − s

k

)) is a past value of x(t)

ẋ = Ax + BKx (t − τ(t))

◮
Sawtooth delay

τ = t − s

k

, τ̇(t) = 1
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Time-delay approahes

◮
Time delay system

ẋ = Ax + BKx (t − h(t)) , h ∈ [0, h]

◮
System state :

x

t

(θ) = x(t + θ), θ ∈ [0,−h]

◮
Stability analysis using Lyapunov-Krasovskii funtionals

V (x
t

, ẋ
t

) = x

T (t)Px(t) +

∫
0

−h

∫
t

t+θ

ẋ

T (s)Rẋ(s)dsdθ
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Time-delay approahes : basi steps

Step 1. Propose a andidate Lyapunov-Krasovskii funtional V
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T (t)Px(t) + h̄ẋ

T (t)Rẋ(t) −

∫
t

t−h̄

ẋ
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t

) = x

T (t)Px(t) +

∫
0

−h

∫
t

t+θ

ẋ
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⇓

d

dt

V (x
t

, ẋ
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T (t)Rẋ(t)−
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Time-delay approahes : basi steps
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Time-delay approahes : basi steps
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t

) ≤ 2ẋ
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Time-delay approahes : basi steps

d

dt

V (x
t

, ẋ
t

) ≤ 2ẋ

T (t)Px(t)+h̄ẋ

T (t)Rẋ(t)−
1

τ(t)
(x(t)− x(t − τ))T R (x(t) − x(t − τ))

Step 4. Over-approximate the delay dependent terms.

d

dt

V (x
t

, ẋ
t

) ≤

[
x(t)

x (t − τ(t))

]
T

Ψ(P,R)

[
x(t)

x (t − τ(t))

]

where

Ψ(P,R) =

[

A

T

P + PA− 1

h

R PBK + 1

h

R

∗ − 1

h

R

]

+ h

[
A

BK

]
T

R

[
A

BK

]
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]
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[
x(t)

x (t − τ(t))

]

where

Ψ(P,R) =

[

A

T

P + PA− 1

h

R PBK + 1

h

R

∗ − 1

h

R

]

+ h

[
A

BK

]
T

R

[
A

BK

]

Theorem

Assume that there exists P ≻ 0 and R ≻ 0, suh that the following linear matrix

inequality Ψ(P,R) ≺ 0 holds . Then, the sampled-data system is asymptotially stable

for all arbitrary time-varying sampling sequene {s
k

}
k∈N with h

k

= t

s+1 − s

k

≤ h̄.
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Remarks
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Further improvement

◮
Take into aount the derivative of the delay τ(t) = 1

◮
Other hoies of Lyapunov-Krasovskii funtionals

V (t, x(t), ẋ
t

) = x

T (t)Px(t) + (h
k

− τ(t))

∫
t

t−τ (t)

ẋ

T (s)Rẋ(s)ds

◮
Less onservative over-approximations of integral terms

∫
t

t−τ

ẋ(s)Rẋ(s)ds

◮
Can be adapted to deal with unertain system matries
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Hybrid system approah

◮
Basi referenes

G. E. Dullerud and S. Lall, Systems and Control Letters, 1999

L. Hu, et. al, TSMC, 2003

D. Nesi, A. Teel - IEEE TAC 2004

P. Naghshtabrizi, J.-P. Hespanha, and A.-R. Teel. Systems and Control

Letters, 2008

◮
Impulsive model

{
ξ̇(t) = Āξ(t), t 6= s

k

, ∀k ∈ N, ,
ξ(t) = Jξ(t−) t = s

k

,∀k ∈ N.

v̇ = −g , t 6= s

k

v(s
k

) = −v(s−
k

)
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Hybrid system approah

◮
Sampled-data system

ẋ = Ax + BKx(s
k

)

◮
Augmented state

ξ(t) = [xT (t), zT (t)]T , z(t) = x(s
k

)

◮
Impulsive model







ξ̇(t) =

[
A BK

0 0

]

ξ(t), t 6= s

k

, ∀k ∈ N, ,

ξ(s
k

) =

[
x(s−

k

)

x(s−
k

)

]

, t = s

k

,∀k ∈ N.
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Stability of impulsive systems

V̇ (ξ(t)) < 0, ∀t 6= t

k

, ξ 6= 0

V (ξ(t
k

)) ≤ V (ξ(t)), t = t

−
k
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Hybrid system approah

◮
Impulsive model

{
ξ̇(t) = Āξ(t), t 6= s

k

, ∀k ∈ N, ,
ξ(t) = Jξ(t−) t = s

k

,∀k ∈ N.

◮
Stability onditions using time (lok) dependent Lyapunov

funtion with disontinuities at the impulse times

V (τ, ξ) = ξTP(τ)ξ, P(τ) = P

T (τ) ≻ 0, τ(t) = t − s

k

∈ [0, h]

◮
Stability onditions

V̇ (τ , ξ) < 0, ∀t 6= s

k

, ξ 6= 0

V (0, ξ) ≤ V (τ(t), ξ), t = s

−
k
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−
k
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Parametri LMI onditions

Ā

T

P(τ) + P(τ)Ā + Ṗ(τ) ≺ 0, τ ∈ [0, h], J

T

P(0)J − P(τ) ≺ 0, τ ∈ [h, h].

(Sun & Khargonekar ; Toivonen)
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Hybrid system approah

◮
Parametri LMI onditions

Ā

T

P(τ) + P(τ)Ā + Ṗ(τ) ≺ 0, τ ∈ [0, h], J

T

P(0)J − P(τ) ≺ 0, τ ∈ [h, h].

◮
Examples :

polynomial (linear) funtion

P(τ) = P

1

+ (P
2

− P

1

)
τ

h

exponential

P(τ) = e

−γτ
P

0

inspired by Lyapunov-Krasovskii funtionals

P(τ) =

∫
0

−τ

(h + s)ĀT

e

Ā

T

s

Re

Ā
s

Āds

where

τ(t) = t − s

k

∈ [0, h]
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Hybrid system approah

◮
Parametri LMI onditions

Ā

T

P(τ) + P(τ)Ā + Ṗ(τ) ≺ 0, τ ∈ [0, h], J

T

P(0)J − P(τ) ≺ 0, τ ∈ [h, h].

◮
Example :

For linear funtion

P(τ) = P

1

+ (P
2

− P

1

)
τ

h

LMI ondition
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Hybrid system approah

◮
Parametri LMI onditions

Ā

T

P(τ) + P(τ)Ā + Ṗ(τ) ≺ 0, τ ∈ [0, h], J

T

P(0)J − P(τ) ≺ 0, τ ∈ [h, h].

◮
Example :

For linear funtion

P(τ) = P

1

+ (P
2

− P

1

)
τ

h

LMI ondition

Ā

T

P

1

+ P

1

Ā+
P

2

− P

1

h

≺ 0,

Ā

T

P

2

+ P

2

Ā+
P

2

− P

1

h

≺ 0,
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Hybrid system approah

◮
Parametri LMI onditions

Ā

T

P(τ) + P(τ)Ā + Ṗ(τ) ≺ 0, τ ∈ [0, h], J

T

P(0)J − P(τ) ≺ 0, τ ∈ [h, h].

◮
Example :

For linear funtion

P(τ) = P

1

+ (P
2

− P

1

)
τ

h

LMI ondition

Ā

T

P

1

+ P

1

Ā+
P

2

− P

1

h

≺ 0,

Ā

T

P

2

+ P

2

Ā+
P

2

− P

1

h

≺ 0,

J

T

P

1

J ≺ P

2

,

J

T

P

1

J ≺ P

1

+ (P
2

− P

1

) h/h.
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Hybrid system approah : relations with disrete-time approah

(a) ∃ V

d

(ξ
k

) = ξT
k

Lξ
k

(L ≻ 0) suh that :

V

d

(ξ
k+1) < V

d

(ξ
k

) :
(

e

Ā
τ
J

)
T

L

(

e

Ā
τ
J

)

− L ≺ 0, ∀ τ ∈ [h, h],

≡

(b) ∃ V (τ, ξ) = ξTP(τ)ξ (P(τ) = P

T (τ) ≻ 0) suh that :

V̇ (τ, ξ) ≤ 0 : Ā

T

P(τ) + P(τ)Ā + Ṗ(τ) � 0, ∀ τ ∈ [0, h]

V (0, ξ) < V (τ, ξ) : J

T

P(0)J − P(τ) + ǫI � 0, ∀ τ ∈ [h, h].

(Briat, Automatia 2013)

see also the looped funtionals in (Seuret, Automatia 2012)

Why do we look for τ dependent Lyapunov funtions ?
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More general hybrid models (Goebel, Sanfelie, Teel)

ż = F

z

(z), z ∈ C ,

z

+ = J

z

(z), z ∈ D,

(state triggered jumps)
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More general hybrid models (Goebel, Sanfelie, Teel)

Sampled-data system

ẋ = Ax + BKx(s
k

), ∀t ∈ [s
k

, s
k+1), h

k

= s

k+1 − s

k

∈ [0, h]

Hybrid model






ẋ = Ax + BKx̂

˙̂
x = 0

τ̇ = 1






τ ∈ [0, h],

x

+ = x

x̂

+ = x

τ+ = 0






τ ∈ [h, h].

(inludes the dynami of the lok τ)
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More general hybrid models (Goebel, Sanfelie, Teel)

Sampled-data system

ẋ = Ax + BKx(s
k

), ∀t ∈ [s
k

, s
k+1), h

k

= s

k+1 − s

k

∈ [0, h]

Hybrid model with z =
(
x

T

x̂

T τ
)
T

=
(
ξT τ

)
T

F

z

(z) =





Ax + BKx̂

0

1



 , J

z

(z) =





x

x

0





C =
{

z ∈ R
n

z : τ ∈ [0, h]
}

and

D =
{

z ∈ R
n

z : τ ∈ [h, h]
}

.

Stability of the set A = {zT = (xT , x̂T , τ) ∈ Rn

z : (x , x̂) = (0, 0)} ?
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Neessary and su�ient stability onditions (Cai,Goebel and Teel) :

A set A is asymptotially stable

ż = F

z

(z), z ∈ C ,

z

+ = J

z

(z), z ∈ D,

If and only if there exists a C∞
funtion Ṽ (z) suh that

∂Ṽ

∂z
F

z

(z) < 0 for all z ∈ C \ A,

Ṽ (J
z

(z)) − Ṽ (z) < 0 for all z ∈ D \ A.

i.e. a C∞
funtion V (τ, ξ) for the impulsive model.
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Input/Output stability approahes

◮
Basi referenes

L. Mirkin - IEEE TAC 2007

H. Fujioka - Automatia 2009

Y.C. Kao - ACC 2014

H. Omran et al. - Automatia 2014

H. Omran et al. - ECC 2013

G

✲

✛✛ ∆
sh

y

e
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Input/Output stability approahes

◮
LTI sampled-data system

ẋ = Ax + BKx(s
k

)

◮
Sampling error : e(t) = x(s

k

)− x(t)

ẋ(t) =
[
A+ BK

︸ ︷︷ ︸

A

l

]
x(t) + BK

︸︷︷︸

B

l

(x(s
k

)− x(t))
︸ ︷︷ ︸

e(t)

The system an be represented by the interonnetion of :

G :=

{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t)

with the operator ∆
sh

: y → e de�ned by :

e(t) = −

∫
t

s

k

y(s)ds := (∆
sh

y)(t), ∀t ∈ [s
k

, s
k+1)
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Input/Output stability approahes

G

✲

✛✛ ∆
sh

y

e

G :=

{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t)

e(t) = −

∫
t

s

k

y(s)ds := (∆
sh

y)(t).

◮
Stability onditions using the properties of ∆

sh

◮
e.g. �nite L

2

gain (Mirkin, 2007)

‖∆
sh

‖
2,2 = sup

y 6=0

‖e‖
L

2

‖y‖
L

2

≤ δ
0

:=
2

π
h
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Input/Output stability approahes

G
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sh

y
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{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t)

e(t) = −

∫
t

s

k

y(s)ds := (∆
sh

y)(t).

◮
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2
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‖∆
sh

‖
2,2 = sup
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‖e‖
L

2

‖y‖
L

2

≤ δ
0

:=
2

π
h

◮
Small Gain Theorem : the interonnetion is L

2

stable if
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‖
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Input/Output stability approahes

G

✲

✛✛ ∆
sh

y

e

G :=

{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t)

e(t) = −

∫
t

s

k

y(s)ds := (∆
sh

y)(t).

◮
Stability onditions using the properties of ∆

sh

◮
e.g. �nite L

2

gain (Mirkin, 2007)

‖∆
sh

‖
2,2 = sup

y 6=0

‖e‖
L

2

‖y‖
L

2

≤ δ
0

:=
2

π
h

◮
Small Gain Theorem : the interonnetion is L

2

stable if

‖G‖
2,2‖∆

sh

‖
2,2 < 1

◮
Frequeny domain ondition

‖G‖
2,2 = ‖G‖∞ := sup

ω∈R

σ̄
(

Ĝ(jω)
)

<
π

2h

,
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Input/Output stability approahes

G

✲

✛✛ ∆
sh

y

e

G :=

{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t)

e(t) = −

∫
t

s

k

y(s)ds := (∆
sh

y)(t).

◮
Stability onditions using the properties of ∆

sh

◮
e.g. �nite L

2

gain (Mirkin, 2007)

‖∆
sh

‖
2,2 = sup

y 6=0

‖e‖
L

2

‖y‖
L

2

≤ δ
0

:=
2

π
h

◮
Small Gain Theorem : the interonnetion is L

2

stable if

‖G‖
2,2‖∆

sh

‖
2,2 < 1

◮
Frequeny domain ondition

‖G‖
2,2 = ‖G‖∞ := sup

ω∈R

σ̄
(

Ĝ(jω)
)

<
π

2h

, Ĝ(s) = s(sI − A

l

)−1

B

l

.

47 / 84



Input/Output stability approahes

G

✲

✛✛ ∆
sh

y

e

G :=

{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t)

e(t) = −

∫
t

s

k

y(s)ds := (∆
sh

y)(t).

◮
Saled Small Gain ondition

∃M ∈ R
n×n, M ≻ 0 suh that ‖MĜ(s)M−1‖∞ <

π

2h

.

◮
LMI formulation





XA

l

+ A

T

l

X

2

π
hXBK A

T

l

Y

∗ −Y

2

π
hK

T

B

T

Y

∗ ∗ −Y



 ≺ 0

to be solved for X ,Y ≻ 0 (obtained with Y = M

2

).
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Input/Output stability approahes

G

✲

✛✛ ∆
sh

y

e

G :=

{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t)

e(t) = −

∫
t

s

k

y(s)ds := (∆
sh

y)(t).

Integral Quadrati Constraints (IQC)

∫ ∞

0

[
y(θ)
e(θ)

]
T

Π

[
y(θ)
e(θ)

]

dθ ≥ 0

for all y ∈ Ln

2

[0,∞) and e = ∆
sh

y .

(Megretski & Rantzer, IEEE TAC 1997)
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Input/Output stability approahes

Theorem (IQC Theorem)

Suppose that A

l

= A+ BK is Hutwitz and assume that

◮
there exists a matrix

Π =

[
Π
11

Π
12

ΠT

12

Π
22

]

with Π
11

,Π
12

,Π
22

∈ R
n×n

, Π
11

� 0, Π
22

� 0, suh that the operator ∆
sh

satis�es the IQC de�ned by Π;

◮
there exists ǫ > 0 suh that

[
Ĝ(jω)
I

]∗

Π

[
Ĝ(jω)
I

]

≤ −ǫI , ∀ ω ∈ R.

Then the interonnetion is L
2

stable.
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Input/Output stability approahes

G :=

{

ẋ(t) = A

l

x(t) + B

l

e(t)

y(t) = ẋ(t) = C

l

x +D

l

e(t)

Equivalent LMI ondition (Kalman-Yakubovih-Popov Lemma) :

[
A

T

l

P + PA

l

PB

l

B

T

l

P 0

]

+

[
C

l

D

l

0 I

]
T

Π

[
C

l

D

l

0 I

]

< 0

to be solved for P ≻ 0.
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Example of IQCs for ∆
sh

◮
Finite L

2

gain (Mirkin, 2007) :

‖∆
sh

‖
2,2 = sup

y 6=0

‖e‖
L

2

‖y‖
L

2

≤ δ
0

:=
2

π
h
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Example of IQCs for ∆
sh

◮
Finite L
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◮
Time domain formulation :
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‖(∆
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IQC :

∫ ∞
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[
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e(θ)

]

dθ ≥ 0
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sh
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‖
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‖e‖
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‖y‖
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0

:=
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π
h

◮
Time domain formulation :

∫ +∞

0

‖(∆
sh

y)(θ)‖2dθ ≤ δ2
0

∫ +∞

0

‖y(θ)‖2dθ,

for all y ∈ Ln

2

[0,∞)
◮

IQC :

∫ ∞

0

[
y(θ)
e(θ)

]
T

Π

[
y(θ)
e(θ)

]

dθ ≥ 0

for all y ∈ Ln

2

[0,∞) and e = ∆
sh

y with

Π =

[
δ2
0

I 0

0 −I

]

.

◮
LMI ondition :
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Example of IQCs for ∆
sh

◮
Finite L

2

gain (Mirkin, 2007) :

‖∆
sh

‖
2,2 = sup

y 6=0

‖e‖
L
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‖y‖
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:=
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h

◮
Time domain formulation :

∫ +∞

0

‖(∆
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y)(θ)‖2dθ ≤ δ2
0

∫ +∞

0

‖y(θ)‖2dθ,

for all y ∈ Ln
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[0,∞)
◮

IQC :

∫ ∞

0

[
y(θ)
e(θ)

]
T

Π

[
y(θ)
e(θ)

]

dθ ≥ 0

for all y ∈ Ln

2

[0,∞) and e = ∆
sh

y with

Π =

[
δ2
0

I 0

0 −I

]

.

◮
LMI ondition :

[
A

T

l

P + PA

l

PB

l

B

T

l

P 0

]

+

[
C

l

D

l

0 I

]
T

[
δ2
0

I 0

0 −I

] [
C

l

D

l

0 I

]

< 0
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Example of IQCs for ∆
sh

◮
(Anti-)Passivity property (Fujioka, Automatia, 2009)

∫ +∞

0

y

T (θ)(∆
sh

y)(θ)dθ ≤ 0,

for all y ∈ Ln

2

[0,∞).

◮
IQC :

∫ ∞

0

[
y(θ)
e(θ)

]
T

Π

[
y(θ)
e(θ)

]

dθ ≥ 0

for all y ∈ Ln

2

[0,∞) and e = ∆
sh

y with
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Example of IQCs for ∆
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Example of IQCs for ∆
sh

◮
IQCs an be ombined

∫ +∞

0

y

T (θ)(∆
sh

y)(θ)dθ ≤ 0,

∫ +∞

0

‖(∆
sh

y)(θ)‖2dθ ≤ δ2
0

∫ +∞

0

‖y(θ)‖2dθ,

◮
Resulting IQC :

∫ ∞

0

[
y(θ)
e(θ)

]
T

Π

[
y(θ)
e(θ)

]

dθ ≥ 0

for all y ∈ Ln

2

[0,∞) and e = ∆
sh

y with
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∫ ∞

0

[
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]
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Π

[
y(θ)
e(θ)

]

dθ ≥ 0

for all y ∈ Ln

2

[0,∞) and e = ∆
sh

y with

Π =

[
δ2
0

I −I

−I −I

]
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LMI ondition :
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P + PA
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PB

l
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+
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Example of IQCs for ∆
sh

◮
IQCs an be ombined

∫ +∞

0

y

T (θ)(∆
sh

y)(θ)dθ ≤ 0,

∫ +∞

0

‖(∆
sh

y)(θ)‖2dθ ≤ δ2
0

∫ +∞

0

‖y(θ)‖2dθ,

◮
Resulting IQC :

∫ ∞

0

[
y(θ)
e(θ)

]
T

Π

[
y(θ)
e(θ)

]

dθ ≥ 0

for all y ∈ Ln

2

[0,∞) and e = ∆
sh

y with

Π =

[
δ2
0

X −Y

−Y −X

]

.

◮
LMI ondition :

[
A

T

l

P + PA

l

PB

l

B

T

l

P 0

]

+

[
C

l

D

l

0 I

]
T

[
δ2
0

X −Y

−Y −X

] [
C

l

D

l

0 I

]

< 0
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Remarks :

◮
Many other performane spei�ations and nonlinearities an

be desribed as IQCs (saturations, setor-bounded

nonlinearities, et.)

(Megretski and Rantzer, IEEE TAC 1997)

◮
For LTV, polytopi and nonlinear systems : re-interpretation in

terms of supply funtions

(Omran et al, Automatia 2014 ; ECC 2013)
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Dissipativity-based approah

Closed-loop system

ẋ(t) = f

(
x(t)

)
+ g

(
x(t)

)
K

(
x(s

k

)
)

ẋ(t) = f

(
x(t)

)
+ g

(
x(t)

)
K

(
x(t)

)

︸ ︷︷ ︸

f

n

(x(t))

+ g

(
x(t)

)

︸ ︷︷ ︸

g

n

(x(t))

(

K

(
x(t

k

)
)
− K

(
x(t)

)

︸ ︷︷ ︸

e(t)

The system an be represented by the interonnetion of :

{

ẋ(t) = f

n

(
x(t)

)
+ g

n

(
x(t)

)
e(t)

y(t) = ∂K
∂x

ẋ(t)

with the operator ∆
sh

: y → e de�ned by :

e(t) = (∆
sh

y)(t) = −

∫
t

s

k

y(τ)dτ
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Dissipativity-based approah

✛

✲

{

ẋ = f

n

(x) + g

n

(x)e

y = ∂K

∂x
ẋ

∆
sh

y(t)e(t)

For (∆
sh

y)(t) := −
∫
t

s

k

y(s)ds, derive "supply funtions" S(y ,∆
sh

y) suh that

∫
t

s

k

S(y ,∆
sh

y)ds ≤ 0, ∀t ∈ [s
k

, s
k+1).

Exponential stability ondition : ∃ "storage funtion" V (x), α > 0 suh that

V̇

(
x(t)

)
+ αV

(
x(t)

)
≤ S

(
y(t), e(t)

)

V̇

(
x(t)

)
+ αV

(
x(t)

)
≤ S

(
y(t), e(t)

)
exp(−αh)
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Properties of the operator

Boundedness property

For all y ∈ L

2

[s
k

, s
k+1) and 0 < X

∗ = X ∈ Rn×n

:

∫
t

s

k

(∆
sh

y)∗X (∆
sh

y) ds − δ2
0

∫
t

s

k

y

∗
Xy ds ≤ 0, ∀t ∈ [s

k

, s
k+1)

(Anti-)Passivity property

For all y ∈ L

2

[s
k

, s
k+1) and 0 ≤ Y

∗ = Y ∈ R
n×n

:

∫
t

s

k

(∆
sh

y)∗Yy ds +

∫
t

s

k

y

∗
Y (∆

sh

y) ds ≤ 0, ∀t ∈ [s
k

, s
k+1)

⇒

∫
t

s

k

[
y

e

]
T

[
−δ2

0

X Y

Y X

] [
y

e

]

︸ ︷︷ ︸

supply rateS(y ,e)

ds ≤ 0, ∀t ∈ [s
k

, s
k+1)
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Robust stability analysis with respet to time-varying sampling

Strong inter-ation between approahes

◮
Time-delay approah

⇒ less onservative L

2

bound for I/O approah

⇒ ontinuous-time version of onvex embedding approah

◮
Hybrid (Impulsive) System modelling approah

⇒ disontinuous LKF

◮
Disrete-time and Convex Embedding

⇒ taking into aount the sawtooth form of the delay

◮
I/O approah

⇒ new LKF based on Wirtingers inequalities
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Dynami ontrol of sampling

u(t) = u

k

PLANT

y(t)

H

u

k

CONTROLLER

y

k

= y(s
k

)

S

SAMPLING TRIGGER

Figure: Generi on�guration

◮
Event-Triggered Control

◮
Periodi Event-Triggered Control

◮
Self-Triggered Control (emulation of event-triggered ontrol)

◮
State-Dependent Sampling (based on partition of the state spae)
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Dynami ontrol of sampling

u(t) = u

k

PLANT

y(t)

H

u

k

CONTROLLER

y

k

= y(s
k

)

S

SAMPLING TRIGGER

Event-Triggered Control (ontinuous monitoring, ontrol omputation and

atuation at event)

◮
E. Hendriks et. al - ACC, 1994

◮
K. Astrom and B. Bernhardsson - IFAC World Conf., 1999

◮
K.-E. Arzen - IFAC World Conf., 1999

◮
Tabuada - IEEE TAC 2007

◮
Lunze, Lehmann - Automatia 2010
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Example of Event-Triggered Control

◮
Basi triggering ondition

‖x(t) − x(t
k

)‖2 ≥ σ2‖x(t)‖2

◮
Linearized model of inverted pendulum on a art

ẋ = Ax + Bu

where

A =







0 1 0 0

0 0 −mg/M 0

0 0 0 1

0 0 g/l 0






, B =







1

1/M
0

−1/(Ml)






.

◮
M - the art mass, m - the mass of the pendulum, l - the length of the

pendulum arm, g - gravitational aeleration.

◮
system state is the vetor x = [y ẏ θ θ̇]T ; y - the art position, θ - the

pendulum angle with respet to the vertial.

◮
T

Shur

≈ 0.35s
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Example of Event-Triggered Control

◮
Basi triggering ondition

‖x(t) − x(t
k

)‖2 ≥ σ2‖x(t)‖2

0 2 4 6 8 10 12 14 16 18 20
−1

0

1

2

3

t
y(

t)

0 2 4 6 8 10 12 14 16 18 20
−0.2

−0.1

0

0.1

0.2

t

θ(
t)

0 2 4 6 8 10 12 14 16 18 20
0

1

2

3

t

h k

◮
Simulation with σ = 0.5 ; Average sampling = 0.41s > 0.35s (periodi ase).
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Example of Event-Triggered Control

◮
Basi triggering ondition

‖x(t) − x(t
k

)‖2 ≥ σ2‖x(t)‖2

0 2 4 6 8 10 12 14 16 18 20
−40

−20

0

20

40

t
θ(

t)

0 2 4 6 8 10 12 14 16 18 20
−200

−100

0

100

200

t

y(
t)

0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

t

h k

◮
Simulation with σ = 0.8!!!.
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Systemati ETC design methods (Tabuada, TAC, 2007)

◮
Linear System

ẋ = Ax + BKx(s
k

), ∀t ∈ [s
k

, s
k+1)

◮
Nominal ontrol loop + perturbation

ẋ(t) =
[
A+ BK

︸ ︷︷ ︸

A

l

]
x(t) + BK

︸︷︷︸

B

l

(x(s
k

)− x(t))
︸ ︷︷ ︸

e(t)

◮
ISS - Lyapunov funtion V (x) = x

T

Px

V̇ (x) ≤ −α‖x‖2 + γ‖e‖2, ∀ (x , e)

◮
Consider ρ ∈ (0, 1)

V̇ (x(t)) ≤ −α‖x(t)‖2 + γ‖e(t)‖2 ,

≤ −(1− ρ)α‖x(t)‖2 − ρα‖x(t)‖2 + γ‖e(t)‖2 ,

◮
Assume now that we enfore −ρα‖x(t)‖2 + γ‖e(t)‖2 ≤ 0 ⇒ V̇ (x(t)) < 0

◮
Trigger ondition : ‖e(t)‖2 = ραγ−1

︸ ︷︷ ︸

σ2

‖x(t)‖2
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Remarks

◮
For LTI systems the exists a minimum inter-exeution times

◮
The average sampling interval depends on the initial ondition (not always

greater than T

Shur

)

◮
Other ETC shemes

‖x(t)− x(t
k

)‖ ≥ δ

‖x(t)− x(t
k

)‖ ≥ δ + σ‖x(t)‖
...
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Dynami ontrol of sampling

u(t) = u

k

PLANT

y(t)

H

u

k

CONTROLLER

y

k

= y(s
k

)

S

SAMPLING TRIGGER

Figure: Generi on�guration

Self-Triggered Control (omputation of the next time instant sensor / ontrol

data is needed)

◮
Wang, Lemmon - IEEE TAC 2010

◮
Anta, Tabuada - IEEE TAC 2010

◮
Mazo-Jr, Anta, Tabuada - Automatia 2010

◮
Fiter et al. - Nolos 2013
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Fundamental motivations

s

k+1 = s

k

+ τ(x
k

), τ : Rn → R+

◮
What is the "best" sampling pattern ?

◮
Whih is the "best" trigger funtion / sampling map τ(x) ?
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Self-triggering based on onvex embedding (PhD C. Fiter)

Goal : use tools from the robust ontrol framework to optimize the

design of sampling maps !

(Fiter et al. Automatia,2012)
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Problem formulation

Consider the LTI system

ẋ(t) = Ax(t) + BKx(s
k

), ∀t ∈ [s
k

, s
k+1

),

with sampling intervals de�ned by

s

k+1

− s

k

= τ(x(s
k

)), ∀k ∈ N,

with a sampling map τ : Rn → R+ to be designed.

Problem : Given an LF V (x) = x

T

Px , design a sampling map τ(x) .
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Idea of the approah

V̇ (x(t)) + 2βV (x(t)) ≤ 0

For

V (x) = x

T

Px and ẋ(t) = Ax(t) + BKx(s
k

)

Stability ondition :

[
x(t)
x(s

k

)

]
T

[
A

T

P + PA+ 2βP PBK

∗ 0

] [
x(t)
x(s

k

)

]

︸ ︷︷ ︸

C(x(t),x(s
k

))

≤ 0,

Event-trigger :

C (x(t), x(s
k

)) = 0
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Idea of the approah

Use the transition matrix Λ :

x(t) = Λ(σ)x(s
k

) =

(

I +

∫ σ

0

e

sA

ds(A+ BK )

)

x(s
k

), σ = t − s

k

Stability ondition :

x

T (s
k

)

[
Λ(σ)
I

]
T

[
A

T

P + PA+ 2βP PBK

∗ 0

] [
Λ(σ)
I

]

︸ ︷︷ ︸

Π(σ)

x(s
k

) ≤ 0,

For self-triggering ontrol the sampling map τ(x) must satisfy

x

T (s
k

)Π(σ)x(s
k

) ≤ 0, ∀ σ ∈ [0, τ (x(s
k

))]
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Remarks on the sampling map

x

TΠ(σ)x ≤ 0

for all x ∈ R
n

and σ ∈ [0, τ(x)] with

Π(σ) =

[
Λ(σ)
I

]
T

[
A

T

P + PA+ 2βP PBK

∗ 0

] [
Λ(σ)
I

]

,

◮
homogeneity property : τ(x) = τ(αx), α > 0

◮ τ(x) - haraterized by intersetion of oni regions

◮
state-spae region where τ(x

k

) = σ̄ ensures the deay of V (x)

R(σ̄) =
{

x ∈ R
n : xTΠ(σ)x ≤ 0,∀σ ∈ [0, σ̄]

}

◮
in�nite number of oni regions
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Convex embedding aording to time

Embed the matrix funtion Π(σ), σ ∈ [0, σ̄] in a onvex polytope

Π(σ = 0)

Π(σ = σ̄)
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Convex embedding aording to time

Embed the matrix funtion Π(σ), σ ∈ [0, σ̄] in a onvex polytope

Π
1

(σ̄,P)

Π
2

(σ̄,P)

Π
3

(σ̄,P)

· · ·

Π
m−1(σ̄,P)

Π
m

(σ̄,P)

Numerial onstrution based on Taylor series approximation

(Hetel, Daafouz, Iung, IEEE TAC, 2006)
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Solution (design of sampling map)

x

1

x

2

τ = σ̄
1

τ = σ̄
2

τ = σ̄
3

τ = σ̄
4

τ = σ̄
q

· · ·

· · ·

◮
For given P matrix, approximation of the state-spae region

where τ(x
k

) = σ̄ ensures the deay of V (x)

R̃(σ̄) =
{

x ∈ R
n : xTΠ

i

(P , σ̄)x ≤ 0, i = 1, . . . ,m
}

◮
Intersetion of �nite number of oni regions.
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Extension based on Lyapunov-Razumikhin funtions (submitted to

Automatia)

V̇ (x(t)) + 2βV (x(t)) ≤ 0 whenever V (x(t)) ≥ V (x(s
k

))
α ,

V (x(t))

t

s

0

s

1

s

2
t

V (x(s
2

))
V (x(s

2

))
α
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Examples

Consider the system from Tabuada, IEEE TAC 2007 :

ẋ(t) =

[
0 1

−2 3

]

x(t)−

[
0

1

]
[
−1 4

]
x(t

k

) + w(t).
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Examples

State-angle dependent sampling map τ
max

for β = 0.3, and

di�erent values of W

−3 −2 −1 0 1 2 3
0

0.2

0.4

0.6

0.8

1

1.2

θ(rad)

τ m
ax

(s
)

 

 

W=0 (0%), τ*=0.37

W=0.0025 (5%), τ*=0.28

W=0.01 (10%), τ*=0.16

W=0.0225 (15%), τ*=0.05

β=0.3
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Examples

Simulations with β = 0.3 and W = 0.01 (‖w(t)‖
2

≤ 10%‖x(s
k

)‖
2

)

0 5 10 15 20
0

0.2

0.4

t

τ m
ax

(x
(t

k))

0 5 10 15 20
0

10

20

t

V
(x
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Examples

Bath Reator system from Mazo et. al ECC 2009

ẋ(t) =







1.38 −0.20 6.71 −5.67
−0.58 −4.29 0 0.67
1.06 4.27 −6.65 5.89
0.04 4.27 1.34 −2.10






x(t) +







0 0

5.67 0

1.13 −3.14
1.13 0






u(t),

u(t) = −

[
−0.1006 0.2469 0.0952 0.2447
−1.4099 0.1966 −0.0139 −0.0823

]

x(t
k

).

Lower bound of inter-exeution time :

◮
Mazo et. al ECC 2009 : 0.02s

◮
Convex embeddings (5th order Taylor approx., 36

subdivisions) : 0.18s
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Examples

Simulations for the Bath Reator system (with 10% perturbation)
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τ∗ = 0.015
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Conlusion

◮
Present reent approahes for robust stability analylis

◮
Introdution to event- and self-triggering ontrol

More information : see the tutorial paper in the proeedings of ECC

2014
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