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Context

Since the 90s→ important theoretical and methodological developments
in control theory

Emergence of robust control methods

Appearance of efficient solvers→ optimization problems

Systematically tackle a large number of engineering specifications for
linear systems

Tight specifications→ non negligible nonlinear effects

Engineering expertise (heuristics)→ no a priori guarantees

Need to develop efficient methods for nonlinear performance analysis
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Context

Extension of robust control to nonlinear systems
Most of the literature concerns stability
↪→ Not able to guarantee some qualitative specifications

Proposal of incremental stability

For linear systems: stability = incremental stability

Complexity of necessary and sufficient conditions for nonlinear systems

↪→ Development of efficient sufficient conditions→ conservatism

Reduce conservatism→ piecewise affine representations

Describe a wide range of nonlinear system dynamics

Similar to linear systems→ extension of efficient techniques
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LTI: stability implies qualitative properties

Σ
y(t)

K
r(t)

d(t)ε(t) u(t)

−

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−10

−8

−6

−4

−2

0

2

4

6

8

10

t

y(
t)

Constant response to
constant input

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−10

−8

−6

−4

−2

0

2

4

6

8

10

12

14

t
y(

t)

T–periodic response to
T–periodic input

Independence of initial conditions

5 / 29



NL: Does stability imply qualitative properties?

ẋ = Ax + Bw
z = Cx + Dw
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Towards nonlinear H∞ control

LTI systems
H∞

−→ NL systems
?

L2-gain proposed as a natural candidate→ energetic ratio between
input and output

L2-gain

∃γ ≥ 0 / ∀w ∈ L2 :

∫ ∞

0
‖z(t)‖2 dt ≤ γ2

∫ ∞

0
‖w(t)‖2 dt

Σ
z(t)w(t)
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Qualitative properties

Constant input→ constant output

T -periodic input→ T -periodic output

Unique steady state / Convergence of the unperturbed motions
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LTI NL

↓ Specs \ Norm→ H∞ L2-gain

Constant input −→ constant output YES NO
T periodic input −→ T periodic output YES NO
Unique steady state YES NO
Convergence of the unperturbed motions YES NO

L2-gain stability is not enough

−→ Incremental L2-gain

Incremental L2-gain
∃η ≥ 0 / ∀w , w̃ ∈ L2 :∫ ∞

0
‖z(t)− z̃(t)‖2 dt ≤ η2

∫ ∞
0
‖w(t)− w̃(t)‖2 dt

Σ
z(t)w(t)

Σ
z̃(t)w̃(t)
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Computation of L2-gain through dissipativity

Dissipative systems
A system Σ is said to be dissipative with respect to the supply rate s(w , z)
if there exists a nonnegative storage function S such that

S(x(t0)) +

∫ t1

t0
s(w(t), z(t)) dt ≥ S(x(t1)), ∀t1 ≥ t0 ≥ 0

For L2-gain stability:

s(w , z) = γ2 ‖w(t)‖2 − ‖z(t)‖2

Σ
z(t)w(t)
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Computation of the incremental L2-gain

Augmented system:

Σ

Σ

w(t)

w̃(t)

z(t)

+

z̃(t)
−

z(t)

Σf

For incremental L2-gain: s(w , w̃ , z) = η2 ‖w − w̃‖2 − ‖z‖2

S(x0, x̃0) + η2
∫ t

0
‖w(τ)− w̃(τ)‖2 dτ −

∫ t

0
‖z(τ)‖2 dτ ≥ S(x(t), x̃(t))
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Finding the storage function

L2-gain: Find S : Rn → R+ such that:

sup
w∈L2

{
∂S(x)

∂x
·f (x ,w)− γ2 ‖w‖2 + ‖z‖2

}
≤ 0

Incremental L2-gain: Find S : Rn × Rn → R+ such that:

sup
w ,w̃∈L2

{
∂S(x , x̃)

∂x
·f (x ,w) +

∂S(x , x̃)

∂x̃
·f (x̃ , w̃)− η2 ‖w − w̃‖2 + ‖z‖2

}
≤ 0

Not easy to solve in the general (nonlinear) case!

Relaxation→ Sufficient conditions→ Upper bound→ Conservatism

↪→ Piecewise Affine (PWA) representation

12 / 29



Finding the storage function

L2-gain: Find S : Rn → R+ such that:

sup
w∈L2

{
∂S(x)

∂x
·f (x ,w)− γ2 ‖w‖2 + ‖z‖2

}
≤ 0

Incremental L2-gain: Find S : Rn × Rn → R+ such that:

sup
w ,w̃∈L2

{
∂S(x , x̃)

∂x
·f (x ,w) +

∂S(x , x̃)

∂x̃
·f (x̃ , w̃)− η2 ‖w − w̃‖2 + ‖z‖2

}
≤ 0

Not easy to solve in the general (nonlinear) case!

Relaxation→ Sufficient conditions→ Upper bound→ Conservatism

↪→ Piecewise Affine (PWA) representation

12 / 29



PWA representation

PWA regional representation
ẋ(t) = Aix(t) + ai + Biw(t)

z(t) = Cix(t) + ci + Dw(t)
for x(t) ∈ Xi

x(0) = x0

Allows us to:

describe systems with saturations, relays, dead zones, etc.

embed more generic nonlinear systems→ differential inclusions

assess performance with less conservatism

S-procedure→ Piecewise quadratic storage function1

1M. Johansson and A. Rantzer, IEEE Trans. Autom. Control, 1998.
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PWA approximations

LTI

f

zw PWA

∆f

zw

↪→ Finer description of nonlinear perturbations + Piecewise quadratic
storage function⇒ Less conservatism!
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Example: Computing the L2-gain of NL missile
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Incremental L2-gain of PWA systems

Works of Romanchuk2 → Upper bound to the incremental L2-gain of
PWA systems by means of a global quadratic function

S(x , x̃) = (x − x̃)T P(x − x̃)

Our proposal→ Continuous piecewise quadratic storage functions

S(x , x̃) = x̄T Pij x̄ , for x̄ ∈ Xij

with x̄ =

x
x̃
1

 and Xij = {(x , x̃) | x ∈ Xi , x̃ ∈ Xj}

2B. G. Romanchuk and M. C. Smith, Automatica, 1999.
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PWA augmented system

y = Σf (u)


ẋ(t) = Aijx(t) + Biju(t)

y(t) = C ijx(t) + Du(t)
for x(t) ∈ Xij

x(0) = x0

where

x =

x
x̃
1

 u =

[
u
ũ

]

Aij =

Ai 0 ai

0 Aj aj

0 0 0

 Bij =

Bi 0
0 Bj

0 0


C ij =

[
Ci −Cj ci − cj

]
D =

[
D −D

]
and with Xij = {x | x ∈ Xi and x̃ ∈ Xj} = {x | Gijx � 0}

Gij =

[
Gi 0 gi

0 Gj gj

]
Xij ∩ Xkl ⊆

{
x ∈ X | E ijklx = 0

}
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Augmented regions

x̃

xX1 X2 X3

PWA system:
N regions

Augmented PWA System:
N2 regions
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Structure of the storage function

Lemma
Let the state x be reachable in finite time from the origin. Then, if S is a
storage function for the augmented system Σf , S(x , x) = 0.

Hence:

S(x , x̃) =

{
(x − x̃)T Pi(x − x̃) for x ∈ Xii

xT P ijx for x ∈ Xij , i 6= j

Problem: Find Pi and P ij such that S is a storage function for the
augmented system
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Theorem
If there exist symmetric matrices Pi ∈ Rn×n and P ij ∈ R(2n+1)×(2n+1);
Uij ,Rij ,Wij ∈ Rpij×pij with nonnegative coefficients and zero diagonal;
Lijkl ∈ R(2n+1)×1 and σ1, σ2, σ3 > 0 such that

Pi − σ1In � 0
Pi − σ2In � 0[

AT
i Pi + PiAi + CT

i Ci + σ3In PiBi + CT
i D

• DT D − η2η2η2Ip

]
� 0

(TH1)


Pij − σ1Jn − G

T
ij UijGij � 0

Pij − σ2Jn + G
T
ij RijGij � 0[

A
T
ij Pij + PijAij + C

T
ij C ij + σ3Jn + G

T
ij WijGij PijBij + C

T
ij D

• D
T

D − η2η2η2Ip

]
� 0

(TH2)

Pij = Pkl + LijklE ijkl + E
T
ijklLijkl

T (TH3)
are satisfied, then Σ is incrementally L2-gain stable, and has an incremental
L2-gain less than or equal to η.
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Sketch of proof

Norm bounds:

σ1 ‖x − x̃‖2 ≤ S(x , x̃) ≤ σ2 ‖x − x̃‖2

Integral constraint:

S(x(t), x̃(t))− S(x0, x̃0) +

∫ t

0
‖z(τ)‖2 dτ − η2

∫ t

0
‖w(τ)− w̃(τ)‖2 dτ

≤ −
∫ t

0
σ3 ‖x(τ)− x̃(τ)‖2 dτ

Continuity of S
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T
ij D

• D
T

D − η2Ip

]
� 0
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Sketch of proof

Norm bounds:

σ1 ‖x − x̃‖2 ≤ S(x , x̃) ≤ σ2 ‖x − x̃‖2

Integral constraint:

S(x(t), x̃(t))− S(x0, x̃0) +

∫ t

0
‖z(τ)‖2 dτ − η2

∫ t

0
‖w(τ)− w̃(τ)‖2 dτ

≤ −
∫ t

0
σ3 ‖x(τ)− x̃(τ)‖2 dτ

Continuity of S

P ij = Pkl + LijklE ijkl + E
T
ijklLijkl

T
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0
‖w(τ)− w̃(τ)‖2 dτ

≤ −
∫ t

0
σ3 ‖x(τ)− x̃(τ)‖2 dτ

Continuity of S
Dissipativity of the
augmented system

⇒ η gives an upper bound to the
incremental L2-gain
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Incremental stability

Several different definitions extending Lyapunov stability to the incremental
framework:

Contraction analysis (W. Lohmiller and J.-J. E. Slotine, Automatica, 1998.)

Convergence (A. Pavlov et al., Sys. & Cont. Let., 2004)

Incremental asymptotic stability (Angeli, IEEE Trans. Autom. Contol, 2002)

. . .

Definition (Incremental asymptotic stability)
∃β ∈ KL / ∀x0, x̃0 ∈ X , ∀w ∈ Le

2, ∀t ≥ 0:

‖x(t)− x̃(t)‖ ≤ β(‖x0 − x̃0‖ , t)

with x(t) = φ(t , 0, x0,w) and x̃(t) = φ(t , 0, x̃0,w).

The transient response fades away
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Characterization of incremental asymptotic stability

Incremental Lyapunov function
∃V : X × X → R+, called incremental Lyapunov function, α1, α2 ∈ K∞ s.t.

α1
(
‖x − x̃‖

)
≤ V (x , x̃) ≤ α2

(
‖x − x̃‖

)
and ∀w ∈ Le

2, ∀t ≥ 0

V (x(t), x̃(t))− V (x0, x̃0) ≤ −
∫ t

0
ρ
(
‖x(τ)− x̃(τ)‖

)
dτ

with x(t) = φ(t , 0, x0,w), x̃(t) = φ(t , 0, x̃0,w) and ρ a positive definite
function.

S is also an incremental Lyapunov function
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Example 1

A1 =

[
−0.1 1
−5 −0.1

]
A2 =

[
−0.1 1
−1 −0.1

]
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x
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Example 1

Quadratic storage function: S(x , x̃) = (x − x̃)T P(x − x̃)

Infeasible problem!

Piecewise quadratic
storage function:

S(x , x̃) =

{
(x − x̃)T Pi(x − x̃) for x ∈ Xii

xT P ijx for x ∈ Xij , i 6= j

Upper bound computed: η = 5.005

↪→ less conservative!
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Example 2

{
ẋ = −κ(x) + u

y = x

L2-gain

Upper bound: γ = 2

Incremental L2-gain

Upper bound: η = 10
Lower bound: η = 10

Stronger property!

x

κ(x)

1 9
4

1

9
8

κ(x) =



x − 9
8 x > 9

4
1

10x + 9
10 1 < x ≤ 9

4

x |x | ≤ 1
1

10x − 9
10 −9

4 ≤ x < −1

x + 9
8 x < −9

4
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Example 3

H(s) = s+3
s+1

φ(·)

−1

yu

with

φ(e) =


h e > h

κ

κe |e| ≤ h
κ

−h e < − h
κ

−15 −10 −5 0 5 10 15
−15

−10

−5

0

5

10

15

X11

X12

X13

X21

X22

X23

X31

X32

X33

x

x̃

S is a continuous piecewise quadratic
function of x and x̃
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Concluding remarks

Extension of previous results concerning L2-gain stability of PWA
systems to the incremental framework

Choice of piecewise quadratic storage function yields less
conservative results
Perspectives:

Representation of nonlinear systems as PWA with ”perturbations”
Efficient computation of an upper bound to the incremental L2-gain for
general nonlinear systems

PWA

∆f

zw
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Thank you for your attention

Questions?
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