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Introduction

B Many mathematical tools in robust control for building LMI conditions

@ Lyapunov, S-procedure, KYP, DG-scaling, IQC, Quadratic Separation,

Finsler lemma, S-variables, Positivstellensatz, SOS, Polya...

Developed for specific uncertainties and view points

Conservative SDP relaxations, with various decision variables (certificates)

Hierarchies of relaxations with decreasing conservatism
@ This presentation : Attempt to establish links between these tools

Positivity of matrix polynomials with matrix indeterminates

Continuation of work of S-variable approach [Ebihara]

Strongly inspired by Quadratic Separation & Generalized KYP lemma [lwasaki]
Connexions to be done with Generalized Frequency Variables [Hara]

Technicalities linking SOS and S-variables [Sato]
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Motivation - Lyapunov

B The linear system & = Ax is stable

& All eigenvalues of A have negative real part

< A does not have eigenvalues in the closed right-half plane

& sI — Aisnon singular forall s € C_.

& [ — As 'isnonsingularforall s—! € C

Sde: ([-As HY*(IT—As ) =el = O0forall st +5*>0

Matrix valued polynomial inequality (PMI) constrained by a polynomial inequality (P1)

Indeterminate is complex-valued s+ € C
& 4P = 0,de > Osuchthat A*P + PA < —el

Lossless LMI formulation
Pissuchthat P(s '+ s %) =0
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Motivation - Lyapunov & S-variables

@ Polytopic constraints on matrices :

CO{Al .. AP = co{... Al .} = {A:Z§UA[”] L &, >0, 25021}
v=1 v=1

M The uncertain linear system & = Az with A € CO{. .. A"l .. }is robustly stable

&I — As lisnonsingular Vs~ € C,,VA € CO{... A"}

I —s'I —
& ) SI } is non singular Vs~ € C, VA € CO{... A" .}
I —s 1 ' I —s 1 Vs 457 >0
< e el =0
-A 1 -A 1 VA e CO{... Al ..}

PMI with scalar/matrix indeterminates constrained by Pl & polytopes

Indeterminates are in independent rows and columns
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Motivation - Lyapunov & S-variables

M The uncertain linear system & = Ax with A € CO{... AlYl ..} is robustly stable

*
I —s T
—A 1

PMI with scalar/matrix indeterminates constrained by Pl & polytopes

Vsl +s7*>0
VA e CO{... Al 1}

I —s T
—A I

& e

}td>0

<45 : Yv=1...7, 3P = 0 such that

e] Pl
Pl g

}55[ e N I
Conservative LMI formulation

P(A) = >2"_, &, P, parameter-dependent, s.t. P(A)(s™ +57*) = 0

S-variable copes with the polytopic uncertainty
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Motivation - DG-scalings

B Well-posedness of A x M

iIndependent uncertainties

= scalar repeated or matrix valued

QA=

0 Ar real or complex

norm-bounded by 1: |0x| < 1or [[Ax|| <1
w A= 2
W M Z

@® )/ : Complex valued matrix

@ » : feedback-loop

@ Well-posedness : internal (w, z) bounded for all bounded disturbances (w, 2)

LAAS Uit
D. Peaucelle == o 5 Toulouse, March 13, 2019



Motivation - DG-scalings
B Well-posedness of A x M

iIndependent uncertainties

= scalar repeated or matrix valued

0 A=

0 Ar real or complex

norm-bounded by 1: |0x| < lor|Ax|l <1

5, € C, |6, <1 & 1 > 6,5
A, € Cmmak AL <1 & I= AA,
e ER, 6] < 1 & —j0 4 §0r =0, 1> 8,%
5 R, |6, < 1 & 5, € CO{—1,1}

Complex matrix valued indeterminates A\ ;.
Constrained by polynomial inequalities (PMI), equalities (PME) & Polytopes

Indeterminates are repeated [, ® Ay (generalization of 01 ., to matrices)
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Motivation - DG-scalings

w Ar— 2
B Well-posedness of A x M
W M %

&< internal (w), z) bounded for all bounded disturbances (w, Z) and all A...
S de>0 : (L, — MA) (I, — MA) = el,,, forall A...

PMI with matrix indeterminates constrained by PMIs, PMEs (& Polytopes)

Indeterminates are in independent rows and columns (A block-diagonal)

I
M

~ el

—3Dy = 0,G), [1 M*]@(Dk,Gk)

©( Dy, Gi) : linear in the decision variables
Dy, = Osuchthat D, @ PMI(Ag) =0
G, = G} suchthat G, ® PME(Ay) =0

LAAS Unversic
D. Peaucelle === H 7 Toulouse, March 13, 2019



Motivation - Proving positivity under constraints

B Robustness analysis of linear time-invariant systems

@ Most problems can be recast as proving positivity of polynomials
matrix valued (semi-definite constraints)
indeterminates are matrices (or scalars), complex valued
constrained by PMIs, PMEs & Polytopes

LFT modeling allows to have indeterminates in separate rows/columns

@ Many LMI results in the litterature,
iIn general conservative (problems are NP-hard)
some results are proved to be less conservative
on examples conservatism may vanish
duality of SDPs can extract worst case indeterminates (prove conservatism vanishes)

Numerical issues : limit size of LMIs using the structure of the data
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Introduction

B Many mathematical tools in robust control for building LMI conditions

@ Lyapunov, S-procedure, KYP, DG-scaling, IQC, Quadratic Separation,
Finsler lemma, S-variables, Positivstellensatz, SOS, Podlya...

Developed separately for specific uncertainties and view points

Conservative SDP relaxations

Hierarchies of relaxations with decreasing conservatism
@ This presentation : Attempt to establish links between these tools

Positivity of matrix polynomials with matrix indeterminates
Continuation of work of S-variable approach [Ebihara]
Strongly inspired by Quadratic Separation [Hara, lwasaki]

Technicalities linking SOS and S-variables [Sato]
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Sum-Of-Squares

M [Lasserre], [Parillo], [Scherer], [Chesi] ...

@® Goal : proving a PMI F'(6) = 0
with (scalar) indeterminates § € RF

constrained by (scalar) polynomial inequalities f;(J) > 0.

@ Key steps for solving the problem using SDPs
Polynomials modeled as quadratic functions of monomials
Positivstellensatz
SDP relaxation
Hierarchies

(Moment problem)

@ Case of matrix valued indeterminates : non-commutative polynomials [Helton]...

Each step may be much more complicated
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Quadratic functions of monomials

B Goal : proving F'(A) = F(I, @ Aq,..., I, @ Ap) = 0
Indeterminates /\;. are in independent columns
Constrained by PMIs, PMEs & Polytopes

Fi(Ap) =0, Fap(Ap) =0, Ayeco{..A™ 1

@ Polynomials modeled as quadratic functions of monomials

) T - ) 1 1 0 0 1

Realscalar: 1 + 262 = — B 0 2 0 )
0 0O 2 0

52 0 0 O 52

Extension to A\, € C"1%"2k that could be non-square ?

Our suggestion : monomials composed of

Ty Ay AFA, ARALA, ...
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Quadratic functions of monomials
@ Monomials with matrix indeterminates A\, € C™1k <2k
A0 = o A = A, A2 = AF A,
ApBh = ApAT AL, A = ATALATA,

Matrix with monomials from degree 0 to degree py :

_ - Im _ -
AVASY A% I, @ Api0F
Ak{OIPk} _ _ ki ’ (IT ®Ak){01pk} _
A*A *

A, o) e I, © AP

(I, ® Ay o) o
AL0:p}

i 0 ([fr;; & AIZ){O:pE} 1

LAAS He
D. Peaucelle s H 12 Toulouse, March 13, 2019



Quadratic functions of monomials

@ Problem reformulated as proving F'(A) = AP (Fy 4+ F ) ALOPE -

under constraints

Fip(Ar) = A 0Peb @y A 10P) = 0,

A e co{all ... Al
Fop(Ag) = A 0Peixd p A 10k} = 0,

This is a subclass of the original problem (work in progress to extended the result)
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Positivstellensatz

@ Case of scalar constraints : Putinar’s Positivstellensatz
F(0) =0 ¥o: f;(6) >0

i
3do(0), Di(0) SOS : Fp(0) =do(5)F(6) = Y Dy(6)fi() SOS

Lossless, under some assumptions & polynomials D;(§) with sufficiently high order

Formulation for matrix indeterminates and PMI constraints ?
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Positivstellensatz

@ Problem reformulated as proving F'(A) = A0PH(Fy 4+ F ) ALOPE =

under constraints

Fip(Ar) = A 0Peb@y A 10Pe) = 0,

A e co{all ... Ay
Fop(Ag) = A 0Peixd p A 10k} = 0,

@ Sufficient condition : 3D, (A) SOS, 3FG(A) = G5 (A) such that

AP (Fy 4+ FrFy — diag (- - - Dyp(A) R By, + Gu(A) K d,p, - - ) ALOPH 508
under polytopic constraints A\ € CO{A,E], el Agf’“]} (U, = 0 if no constraint)
X is a Kronecker-like product

Manipulation of A variables is difficult
We restrict the search to D(A), G(A) affine in the A that are in polytopes.
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SDP relaxation

@ Semidefinite relaxation to prove that a polynomial is SOS

Exploit degrees of freedom in writing the polynomial in a basis of monomials
ALOPH p A0y — AOPR (4 1) AR

V is structured such that A10PH*1 A0} —
p > p: larger basis of monomials
SDPtestof SOS IV : F+V =0

Example of a scalar polynomial

T ~ -

1 1 0 U1 1
) 0 2—2v; O ) — 1 4+ 242
52 | v 0 0 | 52

Formula to build systematically V' (not by inspection of all monomials) ?
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S-variables for SDP relaxation

@ Consider building Hk(Ak) = Jo+ J1 (I X Ak)JQ + Jg(l & Ak*)J4
such that Ak{ozpk} spans the null space of Hy(Ag)

- - I
A, =1 0 0
AV
0 A —I 0 =0
AR A
0 0 A, -1
£ — - | ArALTAL
Hy(Ag) ~ ~~ -
Ak{O:pk}
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S-variables for SDP relaxation

@ SDP relaxation for one indeterminate 2. in polytope, assuming W (X) is affine in X

HSk,X[vk] : \IJ(X[UI“]) + Ska(Aka]) + (Ska(A%k]))* 0 Yop=1...7;

U
IX(A) : AP (X(A))AL O = 0 vA, e cofall . AP

LMI result for proving PMI constraints over polytopes
Can be applied to PMIs such as those build using Positivstellensatz
Very large # of decision variables (and v constraints)

We have tools to reduce the size of these LMIs exploiting structure of the data.
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S-variables and SDPs for SOS

@ Proof

Affine U and M}, and A\, = ka 1 oA

35, X s WX 4 S H (A 4 (S HG (ALY =0 o = 1.5

0
A5k, © U(X(A)) + SpHp(AR) + (SeHp(Ap)* =0 Ve, >0, Yo & =1

X(A) =g g G X0l

By congruence with the fact that Hk(Ak)Ak{O‘pk} =0

Y
IX(A) = AP p (X (ANALOP =0 vA, e co{all . Al

Conservatism comes for the choice of indeterminate-independent S},
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S-variables and SDPs for SOS

@ SDP relaxation for one unbounded A\}.

35, X+ U(X) + SpH(0) + (SpHp(0))* = 0 Yop =1...0
. .1 0 Ji
SI{::[JE JQT} ! , Tk:—T]:
0 Tpr®l JE
Y

3X : AROPeEg(X)AL0PE -0 YA,

Structured S-variables provide parameterization of V' s.t. A0D}17 A0} —
V = 5,Hi(0) + (SpHp(0))"

We conjecture it is a complete parameterization (true for scalar indeterminates)

SOS-Moment SDP relaxations are a special case of S-variable relaxation
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Main result

B F(A) = AP () 4+ FrR) AP =0

under constraints

Fip(Ag) = Ap0PRI* @y A 10PES = 0,

A e co{all ... Al
Fep(Ag) = A OPRI*® A 10PRY = 0,

- ElD][:/CQ] E O,G][:’CQ] _ G][:}CQ*],SI[:}CQ]’ S]E;UICQ\k]

( ( 5 \)

Ei | By —diag | D™ Ry + G mwy, || B

S e )]

- *A[U ] A ~ H [v ] v ~ H
+ZI€EK1 {FlL Sk 2 Hk(O)FlL} + Zkel@ {Sk 2 Hk(A/[c k])Fll} > 0

IC1, ICo indices of uncertainties without and with polytopic constraints respectively
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Main result
B F(A) = AP (Fy 4+ Fr ) ALOPE = 0 under PMI, PME & Polytopic constraints

- HD,B)’CQ] . O’G]L’UICQ] _ G;EUKQ*],&U'CQ],S,_EU’CQ\’“]
Fl‘l‘* (FO — dlag ( Dl[:’CQ] 4 (I)zk + G][:}CQ] X \Ifek )) Fl_L
H

A s SlVKs ] > H [v ] v ~
+ 2 kek {FlL S 2 Hk(O)Ff} + 2 _reic, {Sk 2 Hk(A/[g k])Fﬁ} ~ 0

Hierarchy of SDP relaxations as order p is increased

As all LMI formulations numerical burden is rapidly prohibitive

Complicated formula, but not difficult to code (no need for symbolic manipulation)
Size of LMIs is not so huge when exploiting the structure Fy + F7 F1

When applied to special cases we get exactly the existing LMIs of the litterature
Can we provide new results ?

Assuming all indeterminates are matrices. Exploit commutativity of scalars ?

Is the hierarchy complete (proof of losslessness at some order of relaxation) ?
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Conclusion

Ongoing work to explore links between many existing results in Robust Control
Method inspired by SOS-Moments relaxations and our S-variable approach
Motivation for dealing with polynomial matrix inequalities of matrix indeterminates
Sub-case of all possible polynomial matrix inequalities of matrix indeterminates

Numerical experiments to be done

D. Peaucelle ~=e= EE™ 23 Toulouse, March 13, 2019
— Wi Pynes



