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System description

PWA dynamical systems: the state partition
A polyhedral partition of a compact set X ⊂ Rn is defined as
follows

1) X =
⋃

i∈IN
Xi , N ∈ N+

2) Xi is polyhedral for ∀i ∈ IN

3) int(Xi)
⋂

int(Xj) = ∅ with i 6= j, (i, j) ∈ I2
N

4) (Xi ,Xj) are neighbours if (i, j) ∈ I2
N ,

i 6= j and dim(Xi ∩ Xj) = n − 1



bla bla

Problem statement Robust invariance for polytopic uncertainty Fragility problem Additive disturbance margin Fragility margin with respect to the state space partition Conclusions

System description

PWA dynamical: the PWA control for a LTI system

A nominal discrete time linear system

x(k + 1) = A0x(k) + B0u(k) (1)

A function upwa : X → Rp defined over a polyhedral partition
X =

⋃
i∈IN

Xi ⊂ Rn by

upwa(x) = Gix + gi for x ∈ Xi

Gi ∈ Rp×n gi ∈ Rp×1 (2)

is a piecewise affine control law over the partition X .
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System description

Motivation

The PWA structure of the control law is imposed here without
any further discussion on the design method.
Several popular techniqueslead to such a problem formulation,
among which we can mention for example the Model
Predictive Control in its explicit form (Bemporad et al, Seron
et al, Tondel et al., Olaru and Dumur).
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The objective

PWA systems with uncertainties

The nominal closed loop dynamics represent a PWA system:

x(k + 1) = fpwa(x(k)) =(A0 + B0Gi)x(k) + B0gi

for x(k) ∈ Xi
(3)

But functioning in the presence of:
(Time-varying) Polytopic uncertainty

Ω = conv{(A1,B1), ..., (AL,BL)}. (4)

If (A,B) ∈ Ω then ∃ λ1, ..., λL ≥ 0,
∑L

i=1 λi = 1 and

(A,B) =
L∑

i=1
λi(Ai ,Bi)

Additive distrubances:

x(k + 1) = Ax + B(Gix + gi) + w. (5)

Restricted resolution for controller implementation.
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The objective

We aim to answer several questions:

How to determine the robustness margin with respect to a
given PWA controller?
How to determine the fragility margin of a given PWA
controller?
How to compute the set of tolerable additive disturbance with
respect to a given PWA controller?
How to compute the tolerable errors for the representation of
the regions in the state space partition associated with a given
PWA controller?
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Positive invariance as a main tool

Positive invariance

Definition
A set X ∈ Rn is positively invariant with respect to the system
x(k + 1) = f (x(k)) if for any x0 ∈ X , the solution x(k, x0) satisfies
x(k, x0) ∈ X for k ∈ N.

An equivalent definition in a set theoretic framework:

Definition
A set X ∈ Rn is positively invariant with respect to the system
x(k + 1) = f (x(k)) if f (X ) ⊂ X .
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Positive invariance as a main tool

Assumptions

The closed loop nominal PWA systems enjoy the following
properties:

1 The set X is a polytope.
2 The set X is positively invariant with respect to the nominal

model.
3 The nominal model is defined by a pair of matrices (A0,B0)

contained in the polytopic set of uncertainties, namely
(A0,B0) ∈ Ω.

4 The control upwa : Rn → Rm is continuous.
5 0 ∈ int(X ) and the origin is the only fixed point of the

nominal dynamics.
6 The origin is asymptotically stable with X as basin of

attraction.
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The statement of the robustness problem

We consider that the nominal system is used for the design of a
PWA control law which in turn will be used in practice for the
control of the linear parameter varying dynamics:

x(k + 1) = Ax(k) + Bu(k) (6) eqsys21

where (A,B) lies in the uncertainty set Ω.
The robustness problem is to identify the subset Ωrob, defined as
the largest subset Ωrob ⊂ Ω such that X is positive invariant with
respect to the parameter varying dynamical system:

x(k + 1) = (A + BGi)x(k) + Bgi

for i such that x(k) ∈ Xi
(7) eqsys2

for all (A,B) ∈ Ωrob.
The set Ωrob will be denoted robustness margin.
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Preliminary results

Despite the nonlinearity of the closed loop dynamics, the convexity
of the state space partition X is inherited by the set of
uncertainties guaranteeing the positive invariance.
Theorem
The set Ωrob is convex.

Corollary
Let the set

Ωα
rob =

{
α ∈ RL

+|
L∑

j=1
αj(Aj + BjGi)Xi ⊕ αjBjgi ⊂ X ,

∀i ∈ IN ,1Tα = 1
} (8) test

The sets Ωrob and Ωα
rob are isomorphic.
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Some notation
The vertices V(X) define a finite subset of Rn . Using an arbitrary
ordering, its elements can be stored as columns of a matrix
V ∈ Rn×q :

V = [V(X)] (9) V

All the vertices in of the partition will form:

W = {x ∈ Rn |∃i ∈ IN s.t. x ∈ V(Xi)] (10) W0

and after fixing an arbitrary ordering of the elements, this set will
generate a matrix W ∈ Rn×p:

W = [W] (11) W

which gathers as columns the nonredundent vertices of the
collection of regions in the partition Xi . At the same time, the
image of the set W via the affine mapping fpwa(.) leads to

U = [fpwa(W)] (12) U
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Main result – the vertex representation

Theorem
Consider a nominal LTI system subject to a time-varying, bounded,
polytopic uncertainty. For a given piecewise affine control law, the
robustness margin is obtained as the projection

Ωα
rob = Proj SLR (13) proj

where R represents the polyhedral set:

R =
{

(α,Γ) ∈ RL × Rq×p
+

∣∣∣1T Γ = 1T∑L
j=1 αj(AjW + BjU ) = V Γ

} (14) proj1

SL denotes the simplex in the positive orthant of RL.
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Some notation for the dual representation

The usual description of the state partition for a PWA control laws
use the half space representation. Consider the sets involved in
these relations:

X =
{
x : Fx ≤ w, F ∈ Rp×n , w ∈ Rp} (15)

Xi =
{
x : Fix ≤ wi , F ∈ Rpi×n , wi ∈ Rpi

}
(16) hs_rep

Let us denote the tuple of matrices

H = (H1,H2, . . . ,Hi , . . . ) with Hi ∈ Rp×pi
+ , i ∈ IN (17)

The elements of the tuple H are indexed by the set IN and the
dimensions of each matrix-element Hi will depend on the value of
pi . If s = p × (

∑
i∈IN

pi) then one can note H ∈ Rs.
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Main result – the half-space representation

Theorem
Let a nominal LTI system affected by a time-varying, bounded,
polytopic uncertainty. For a given piecewise affine control law, the
robustness margin is obtained as the projection

Ωα
rob = Proj SLP (18) projj

where P represents the polyhedral set:

P =
{

(α,H) ∈ RL × Rs
+

∣∣∣∑L
j=1 αjF(Aj + BjGi) = HiFi

Hiwi ≤ w −
∑L

i=1 FiαjBjgi
} (19) proj2
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Numerical example

A1 =
[

1 1
0.9 0.5

]
A2 =

[
2 1

1.5 1.5

]
A3 =

[
1.5 1
3.8 1

]

B1 = B2 = B3 =
[
1
1

] (20)

In presence of constraints on the control variable and the output
variable

−0.2 ≤ uk ≤ 0.2,
−0.5 ≤ yk ≤ 0.5,

(21)

with the nominal model chosen to synthesize a PWA control law

A0 = 0.5A1 + 0.3A2 + 0.2A3

B0 = B1.
(22)
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Numerical example

The partition of the PWA control law (obtained via predictive
control design).

Figure: Partition of the PWA control law.
fig:1
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Numerical example
Ωα

rob projected on the plane [α1 α2] computed via the vertex
representation approach. Note that α3 = 1− α1 − α2

Figure: Robustness margin obtained via vertex representation of the
PWA partition.

fig:2

Similar results can be obtained with a half-space representation.
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Problem statement of the fragility problem

Given a nominal system:

xk+1 = Axk + Buk , (23) eqsys

stabilized by a PWA control law fpwa : X =
⋃

i∈IN
Xi → Rm :

uk = fpwa(xk) = Gixk + gi for xk ∈ Xi . (24) pwactrl

The fragility margin problem aims to determine the set of
parametric errors ∆i of the PWA control law for each region Xi
such that:

(A + B(Gi + δGi ))xk + B(gi + δgi ) ⊂ X for ∀xk ∈ Xi . (25)

for all
[
vec(δGi )T δT

gi

]T
∈ ∆i .

The largest such set is called fragility margin.
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Preliminary results

Theorem
The set ∆i is convex for ∀i ∈ IN .
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Notation

Consider the compact notation:

Vi = [V(Xi)] (26) Vi

Ui = [fpwa(V(Xi))] (27) Ui

V = [V(X )] (28)

1 denotes the one vector with appropriate dimension
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Main result–vertex representation

Theorem
theoDelta

Consider a linear discrete-time system (
eqsyseqsys
23) stabilized by a given

piecewise affine state feedback (
pwactrlpwactrl
24) over a bounded polyhedral set

X =
⋃

i∈IN
Xi . The fragility margin of the controller defined over

Xi is obtained as
∆i = Proj (δGi ,δgi )Fi , (29) vertproj

where Fi represents the polyhedral set:

Fi =
{

(δGi , δgi ,Γi) ∈ Rm×n × Rm×1 × Rq×qi
+ |

1T Γi = 1T , and[
A B

] [Vi
Ui

]
+ BδGi Vi + Bδgi 1T = V Γi

}
.

(30) frag1
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Notation

Recall the half space representation:

X := {x ∈ Rn | Fx ≤ w}
F ∈ Rr×n , and w ∈ Rr×1 (31)

Xi := {x ∈ Rn | Fix ≤ wi}
Fi ∈ Rri×n , and wi ∈ Rri×1, for i ∈ IN

(32)
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Main result–half-space representation

Theorem
For a given piecewise affine control law (

pwactrlpwactrl
24) stabilizing the discrete

LTI system (
eqsyseqsys
23), the fragility margin of this controller is obtained

as the projection
∆i = Proj (δGi ,δgi )Qi (33) halfspproj

where Qi represents the polyhedral set:

Qi =
{

(δGi , δgi ,Hi) ∈ Rm×n × Rm×1 × Rr×ri
+ |

F(A + B(Gi + δGi )) = HiFi and
Hiwi ≤ w − FB(gi + δgi )} .

(34) proj2
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Numerical example

The example considered in the robustness margin section is
revisited here. The fragility margin can be computed for each
reagion independently as long as the parameters’ influence is
local.
The fragility margin for the green region X3 in Fig.

fig:1fig:1
1.

X3 :=

 0.84484 0.53502
−1 0

−0.17014 −0.98542

 x ≤

 0.15458
0.5

−0.69202


uk =

[
−1.4911 −0.9443

]
x + 0.0728

(35)
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Numerical example
The set of error δG3 via the vertex representation by considering
that there does not exist the error on g3:

Figure: Fragility margin on the controller associated with X3

The same result can be obtained via the half-space representation.
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Problem statement of explicit additive disturbance margin
Consider a PWA controller fpwa : X → Rm :

X =
⋃

i∈IN

Xi ,

uk = fpwa(x) = Gixk + gi for ∀x ∈ Xi ,

(36) pwactrl1

which stabilizes a nominal dynamic:

xk+1 = Axk + Buk , (37) eqsys1

The explicit additive disturbance problem determines the largest
set of an additive disturbance w such that the positive invariance
property of the feasible set X holds:

Ax + B(Gix + gi) + w ∈ X , ∀x ∈ X . (38)

This largest set of additive disturbance is called additive
disturbance margin.
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Main result
Note that:

W = [W] , W =
⋃

i∈IN
V(Xi)

U = [fpwa(W)] , p = Card(W)
X := {x ∈ Rn | Fx ≤ h}
I denotes the identity matrix of appropriate dimension.

Theorem
dist_the

Given a LTI dynamic (
eqsys1eqsys1
37) stabilized by a given PWA control law

(
pwactrl1pwactrl1
36), the biggest set of additive disturbance w which perturbs the

nominal dynamic and preserves the positive invariance property of
X is described in a the half-space representation by:

(1⊗ F)w ≤ (1⊗ h)− (I⊗ F
[
A B

]
)vec

([
W
U

])
. (39) distur
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Numerical example
The same example is considered, the additive disturbance margin is
depicted as follow:

Figure: Additive disturbance margin
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Problem statement
Given a nominal system:

xk+1 = Axk + Buk , (40) eqsys2

and the stabilizing PWA control law:

X =
⋃

i∈IN

Xi ,

uk = fpwa(x) = Gixk + gi for ∀x ∈ Xi ,

(41) pwactrl2

Consider the vertex representation of Xi :

X̃i := conv {wi1 + δi1, . . . ,wiqi + δiqi} . (42)

The explicit fragility of polyhedral partition problem aims to
determine the largest set of uncertainties
δi =

[
δT

i1 . . . δ
T
iqi

]T
, i ∈ IN for each region Xi of the polyhedral

partition X such that X is positively invariant.
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Main result

Assumption 1:
No uncertainty on the boundary of X .

Assumption 1:
The uncertainty is considered exclusively with respect to the
generators representation of the partition of X .

Notation
Recall that:
X = {x ∈ Rn | Fx ≤ h}
Vi = [V(Xi)]
Ui = [fpwa(V(Xi))]
qi = Card(V(Xi))
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Main result

Theorem
Consider a polyhedral partition X =

⋃
i∈IN

Xi over which a
continuous PWA controller (

pwactrl2pwactrl2
41) is defined. This controller

stabilizes a LTI dynamic (
eqsys2eqsys2
40). The fragility margin of the vertex

representation of Xi is described as:

[
I⊗ F

I⊗ F(A + BGi)

]
δi ≤

 1⊗ h − (I⊗ F)vec(Vi)

1⊗ h − (I⊗ F [A B])vec
([

Vi
Ui

]) ,
(43) d00

where 1 ∈ Rqi and I ∈ Rqi×qi .
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Numerical example
Consider the region containing the origin in the previous example.
One of its vertices is x = [−0.5 0.7886]T and its fragility margin
is shown below:

Figure: The fragility margin of the vertex x = [−0.5 0.7886]T .

Word of caution: some of the properties of the original PWA
systems might be lost: overlapping of the regions, non-uniqueness
of the trajectories, lost of continuity, lost of convexity for X .



bla bla

Problem statement Robust invariance for polytopic uncertainty Fragility problem Additive disturbance margin Fragility margin with respect to the state space partition Conclusions

Conclusions

The robustness margin has been studied with respect to the
positive invariance for a PWA system
The same methodology allows the extension to the fragility
margin, additive disturbance margin and fragility margin of
the state space partition.
It is shown that these margins are represented by polyhedra in
the parameter space and can be explicitly computed.
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Further details and proofs:

Further details and proofs:
N. A. Nguyen, S. Olaru, G. Bitsoris, P. Rodriguez-Ayerbe. ”Explicit fragility
margins for PWA control laws of discrete-time linear systems”, ECC 2014.
N. A. Nguyen, S. Olaru, P. Rodriguez-Ayerbe, G. Bitsoris, M. Hovd. ”Explicit
robustness margins for discrete-time linear systems with PWA control”, ICSTCC
2013.

and for the use of the results for control synthesis:
N. A. Nguyen, S. Olaru, P. Rodriguez-Ayerbe, M. Hovd. ”An inverse optimality
argument to improve robustness in constrained control”, IFAC 2014.
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