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Introduction

I IQC analysis introduced to analyze robust stability / perfor-
mance properties of an LFT model containing TI or TV model
uncertainties: uncertain parameters, neglected dynamics, time
delays, nonlinearities inside a sector. . .

I If mature µ analysis computational tools exist, IQC analysis of
an LFT model with non trivial complexity is still challenging.

I Focus here on the practically relevant problem of analyzing an
LFT model with TI/TV parameters and SISO nonlinearities in-
side a sector. Development of a dedicated solver.

I Not a trivial problem from a computational point of view even
when the number of states of the LFT model is low. Dy-
namic multipliers associated to uncertain parameters introduce
(many) additional states, depending on the size of the ∆ block
in the LFT model.
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Principles

I Sufficient condition for robust stability of the interconnection
structure M(s) - ∆:[

M(jω)
I

]∗
Π(jω)

[
M(jω)
I

]
< 0 (1)

Π(s) describes the content of ∆.
I TV parameters (LPV analysis):

Π =

[
X Y
Y T −X

]
, X = XT > 0, Y = −Y T

X, Y reflect the structure of ∆ = diag(δiIqi).
I TI parameters (µ analysis): X(s) =

∑
i

Xi
s+ai

. Choice of the
multiplier poles −ai.

I (1) equivalent to ψ∗(jω) N ψ(jω) < 0: all optimization pa-
rameters of the multipliers in static matrix N , ψ(s) contains
the dynamics of M(s) and of the multipliers.
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Computational aspects

How to solve ψ∗(jω) N ψ(jω) < 0 ?

I Primal state-space solution with the KYP lemma: optimiza-
tion parameters = optimization parameters of the multipliers
+ Lyapunov matrix P with nx ∗ (nx + 1)/2 variables, if nx is
the order of ψ(s). Computational problem if nx is too high !

I Dual state-space solution: use of the ”KYPD solver.” Expected
reduction of the number of optimization parameters for large
values of nx.

I Frequency domain solution in the spirit of mu margin.m to
avoid optimizing w.r.t. P , when nx is too high.
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Computational aspects

Analysis of the interconnection structure M(s) - ∆, where ∆ con-
tains TI or TV parameters, with a bounded rate of variation:

I Use of dynamic multipliers.

I The order of ψ(s) can be much higher than the one of M(s),
depending on the size n∆ of ∆ and on the number nP of
multiplier poles.

I Number of states of ψ(s) = number of states of M(s) + 2 *
nP * n∆.
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A dedicated solver

Analysis of the interconnection structure M(s) - ∆:

I ∆ contains TI parameters, TV parameters with and without
bound on the rate of variation, SISO nonlinearities inside a
sector [0, k]. Use of the circle or Popov criterion.

I Primal state-space solution: use of the Sedumi solver without
Yalmip.

I Dual state-space solution: use of the Sedumi solver with the
KYPD solver and Yalmip.

I Sedumi much faster than LMI Control Toolbox, but may fail to
converge.

I numerr = indicator provided by the Sedumi solver = 0 (full
convergence) / 1 (the algorithm has essentially converged) / 2
(a serious convergence problem).
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How to deal with the (un)reliability of the Sedumi result ?

Computation of a robust stability margin:

I Dichotomy search, feasibility problems to be solved. Seem bet-
ter numerically conditioned than minimization problems.

I No use of possibly unreliable indicators provided by Sedumi to
assess the feasibility !

I Does the point provided by Sedumi satisfy the LMI/sdp con-
straints ? If constraints are satisfied, a guaranteed lower bound
of the robustness margin is obtained.

I Extension to robust performance tests.

I In some cases, possible computation of the robustness margin
by minimizing a generalized eigenvalue under LMI constraints:
only possible with the LMI Control Toolbox.
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How to deal with the (un)reliability of the Sedumi result ?

Computation of a guaranteed value of the worst-case L2 gain for ∆
inside a given set:

I Minimization of a linear objective under LMI/sdp constraints.

I Problem with the Sedumi solver: even when the solver has fully
converged, the provided optimal point does not exactly satisfy
the LMI/sdp constraints.

I Result considered as OK if numerr = 0 or 1.

I If numerr = 2, robust performance test for a relaxed value of
the L2 gain provided by Sedumi. Value OK if the problem is
feasible, invalid if not.
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Application to the aircraft landing benchmark

Closed loop LFT model description:

I Deadzone = nonlinearity inside a sector [0, 1] = rate limiter on
the control surface.

I Time invariant parameters: runaway altitude (repeated 6 times),
A/C mass (7), temperature (5), CG position (5).

I Time varying parameter: Conventional Airspeed Vcas, repeated
10 times, with an estimated maximal bounded rate of variation
of 0.05 for normalized parameter in [-1, 1] (variation between
the min and max values in 10 s).

I Transfer function between reference longitudinal speed input Vc
and tracking error with a reference model.

I 8 (resp. 11) states for a robust stability (resp. performance)
problem, because of a 3 state reference model.
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Robustness analysis in the face of TI/TV parameters

No deadzone:
1 Use of mu margin.m:

Elapsed time is 1.68 seconds

LTI robust stability margin = 1.712 at 0.718 rad/s

Closed loop stability guaranteed inside the flight domain.

2 IQC analysis with constant scalings (unbounded δ̇):

Elapsed time is 8.8 seconds

LTV robust stability margin = 0.992

Quadratic stability guaranteed over almost full flight domain.
3 Guaranteed maximal H∞ norm between V c and tracking error

for TI parameters inside the flight domain (skew µ problem):

Worst-case Hinfinity norm = 0.173

No template on closed loop transfer function, performance de-
fined by reference model. H∞ norm for central model = 0.0382.
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Robustness analysis in the face of TI/TV parameters

Robust performance analysis in the face of TV parameters (un-
bounded rate of variation):

I IQC analysis with constant multipliers.
I Guaranteed maximal L2 gain between V c and the tracking error

for TV parameters inside the flight domain (reduced by a scaling
factor 0.95, see the robust LTV stability margin):
Elapsed time is 4.4 seconds

Robust L2 gain = 0.661

I Much larger than 0.173 = guaranteed maximal H∞ norm for
TI parameters inside the full flight domain.

I Visualization as a function of ω (negative when feasible pb):

λ

([
M(jω)
I

]∗
Π(jω)

[
M(jω)
I

])
3 peaks, close to 0, at about 0, 0.8 and 1 rad/s = critical freq.
Choice of -1 for pole of dynamic multipliers in the following.

State-space IQC analysis (G. Ferreres) 11 / 21 SMAC Final Workshop



Robustness analysis in the face of TI/TV parameters
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Robustness analysis in the face of TI/TV parameters

Info provided by sedumi.m and iqc_analysis_sedumi.m:

feasratio: 0.9786

pinf: 0

dinf: 0

numerr: 1

nx: 11

nbr_primal_variables: 302

nbr_dual_variables: 2260

I feasratio: ideally 1 (feasible pb) or -1 (infeasible).
I pinf = dinf = 0: feasible primal and dual problems.
I numerr = 1: the Sedumi solver has essentially converged.
I nx: number of states (M(s) + dynamic multipliers). Only

static multipliers here.
I 302 primal variables = 66 + 236 optimization parameters in

Lyapunov matrix / multipliers. 66 = nx ∗ (nx+ 1)/2.
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Robustness analysis in the face of TI/TV parameters

Robust performance analysis in the face of TI parameters:

I IQC analysis with dynamic multipliers, pole = -1.
I Guaranteed maximal H∞ norm inside the full flight domain:

Elapsed time is 340.26 seconds (less than 6 mn)

Robust L2 gain = 0.165

I To be compared with 0.173 = result provided by µ analysis.
I IQC result possibly larger than the one obtained with µ anal-

ysis, if bad choice of multiplier pole(s). Both results here are
essentially equal: a lower result here because of the numerical
tolerance inside the µ routine. VALIDATED POLE CHOICE
OF -1 !

I nx = 77 = 11 (order of M(s)) + 2 n∆ (size of ∆ block = 33).
I 3944 primal variables = 3003 + 941 optimization parameters

in Lyapunov matrix / multipliers. A reasonable computational
time ! 13261 dual variables.
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Robustness analysis in the face of TI/TV parameters

Robust performance analysis in the face of TI parameters and TV
Vcas (with a bounded rate of variation):

I TI parameters: mass, CG, runaway altitude, temperature.

I IQC analysis with dynamic multipliers, pole = -1.
I Guaranteed maximal L2 gain inside the full flight domain:

Elapsed time is 367.0 seconds (about 6 mn)

Robust L2 gain = 0.176

I Slightly larger than 0.165 (IQC analysis with TI Vcas).

I nx = 77 (same as for TI Vcas).

I 4044 primal variables = 3003 + 1041 optimization parameters
in Lyapunov matrix / multipliers (a bit more variables in the
multipliers).
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Robustness analysis in the face of TI/TV parameters

Robust performance analysis in the face of TI parameters and TV
Vcas (unbounded rate of variation):

I IQC analysis with dynamic multipliers, pole = -1, and constant
multipliers for Vcas.

I Guaranteed maximal L2 gain inside the full flight domain:

Elapsed time is 81.8 seconds (more than 1 mn)

Robust L2 gain = 0.316

I Significantly larger than 0.165 (IQC analysis with TI Vcas).

I nx = 57 = 11 (order of M(s)) + 2 n∆ (size of TI ∆ block
without Vcas = 23).

I 2294 primal variables = 1653 + 641 optimization parameters
in Lyapunov matrix / multipliers. The computational time is
very reasonable when considering the number of variables.
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Analysis in the face of TI/TV parameters and deadzone

I Deadzone = nonlinearity inside a sector [0, k] + TI parameters
and TV Vcas inside the full flight domain.

I Maximal value of k with guaranteed robust stability.

I Use of the circle criterion: the Popov criterion requires a strictly
proper output of M(s) corresponding to the deadzone block.

I TV Vcas without bound on the rate of variation:

Sector size = 0.750

Elapsed time is 206.5 seconds (about 3 mn)

2126 primal variables

I TV Vcas with a bounded rate of variation:

Sector size = 0.875

Elapsed time is 865.8 seconds (about 14 mn)

3816 primal variables

I Good expected robustness to deadzone.
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Analysis in the face of TI/TV parameters and deadzone

Robust performance analysis in the face of the deazone = nonlin-
earity inside a sector [0, 0.7] + TI parameters + TV Vcas without
bound on the rate of variation:

I Use of Sedumi, multiplier pole = -1:

Elapsed time is 99.9 seconds, robust L2 gain = 0.581

57 states, 2295 primal variables, 9105 dual variables.
I LMI Control Toolbox + IQC Toolbox, multiplier pole = -1:

Elapsed time is 2033.7 seconds, robust L2 gain = 0.598

Solving with 2374 decision variables

Here, a ratio of about 20 between the computational times of
Sedumi and LMI Control Toolbox !
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Analysis in the face of TI/TV parameters and deadzone

I Sedumi, multiplier pole = -1:
I Elapsed time is 99.9 seconds, robust L2 gain = 0.581
I 57 states, 2295 primal variables, 9105 dual variables.
I 2295 = 1653 + 642 primal variables in Lyap. matrix / multipliers

I Sedumi, multiplier poles = -1 and -3:
I Elapsed time is 1710.5 seconds, robust L2 gain = 0.580
I 103 states, 6673 primal variables, 20360 dual variables.
I 6673 = 5356 + 1317 primal variables in Lyapunov matrix /

multipliers.
I Robust L2 gain essentially unchanged, one pole was enough to

compute the minimal achievable value.
I Sedumi, multiplier poles = -1, -3 and -5:

I ”Out of memory” (despite the use of sparse matrices).
I Main software limitation, rather than computational time ?
I 149 states, 13437 primal variables, 36117 dual variables.

Number of optimization parameters in Lyapunov matrix significantly
higher than the number of variables in the multipliers.
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Analysis in the face of TI/TV parameters and deadzone

Test of the KYPD solver:
I Sedumi, multiplier pole = -1:

I Elapsed time is 99.9 seconds, robust L2 gain = 0.581
I 57 states, 2295 primal variables, 9105 dual variables.

I KYPD solver + Sedumi, multiplier pole = -1:
I Elapsed time is 513.7 seconds, robust L2 gain = 0.580
I 2449 primal variables and 7156 dual variables in Sedumi pb.

Same result, a significantly higher computational time despite
comparable sizes of the Sedumi problem.

I Sedumi, multiplier poles = -1 and -3:
I Elapsed time is 1710.5 seconds, robust L2 gain = 0.580
I 103 states, 6673 primal variables, 20360 dual variables.

I KYPD solver + Sedumi, multiplier poles = -1 and -3: ”Out of
memory” !

Here, very disappointing results with the KYPD solver.
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Conclusion

I Development of a dedicated IQC solver for nonlinear analysis
in the face of TI/TV parameters.

I Use of the Sedumi solver: highly reduced computational time
w.r.t. the LMI Control Toolbox, a less numerically reliable re-
sult. Reliability problem handled by the dedicated IQC solver.

I Application to a realistic aeronautical example to illustrate:
I How to use IQC solver, increasing complexity pbs considered.
I Good results can be obtained with a reasonable computational

time despite the large number of optimization parameters in the
Lyapunov matrix and in the multipliers.

I Test of KYPD solver to reduce nbr of optimization parameters
/ computational time if many states: disappointing results.

I Use of primal state-space solution: good results on an LFT
model with non trivial complexity ! Further developments needed
to handle LFT models with even larger complexity (number of
states and size of the ∆ block).
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