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Principles (1/2)

» The formalism used in the IQC approach can be described as
an unified formalism. It includes in the same formalism a
large set of linear and non linear stability theorems;

» This unified approach allows to investigate stability and
performance of heterogeneous systems:

v" Nonlinear system (sector nonlinearity);

v" LTI uncertainties (parametric uncertainties and neglected
dynamics);

v LPV systems
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» Let IT an hermitian operator and w=Av, I is a multiplier for A if v and w satisfy the
following integral quadratic constraint:

/OO [ o(jw) ]*H(jw)[ o(jw) ]dw>0
e | W(w) w(jw) —
> It does not exist one multiplier but a parameterized set of multipliers

» Let us consider the following closed loop where G is stable and A causal and

bounded: .
A

" G(s)
L A l+ b

T

Then the interconnection between G and A 1s stable if:

vw € R { G(}"’J) ]*H(jw) [ G(fw) ] < —el

> In brief among the parameterized set of multipliers which satisfy the 1QC, it
suffices to find one multiplier such as the above FDI are satisfied. This research is
recast as an LMI optimization problem.

Direction - Conférence
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Some exemples of multipliers:

» Sector nonlinearity ¢ (Park multiplier):

M _ 0 T + jw + w2y
YT - jwl+wy =2z — 2w?y

with x,v > 0, and A € R. If v = 0 the Popov multiplier is recovered.

»Real and/or dynamic uncertainty:
;- [ ¥4 T ]
Y*jw) —X(jw)
with X (jw) = X (jw)* > 0 and Y (jw) = =Y (jw)*.

»Example: the interconnection of G stable with a sector non-linearity ¢ is
stable if among x and y positive, A€ R it exists a triplet such as the
following FDI are satisfied:

G(jw G(jw)

vweR [ i )r&%Uw)[ , ]go

» Of course it is possible to built a global multiplier to analyze the
uncertain and non-linear case for example.
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Let us consider M a symmetric matrix, A, B, C, D a state space representa-
tion of ® such as ®(s) = C(sI — A)"'B+ D and Vw € R det(jwl — A) # 0 then
the two following propositions are equivalent: (i) the quadratic constraint

Vw P(jw) " MP(jw) <0 (1)

is satisfied
(ii) it exists P = PT > 0 such as

i Mie o)+ (5 2178 1[4 5]<0

» Kalman-Yakubovitvh-Popov lemma based approach:
= Advantage: the infinite set of FDI is replaced by one LMI
constraint;
» Drawback:
o Afilters base is necessary to choose the multiplier dynamics a
priori;

o An auxiliary symmetric matrix P is added to the optimization
problem where P contains (n+n)/2 decision variables and n
corresponds to the G and multipliers order.
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Resolution by frequency domain

(1/2)

»Frequency domain resolution
= Advantage:
v" The optimization problem is independent of G order,
only ‘useful’ decision variables are taken into account;

v" In the non-rational approach, no parameterization a
priori is necessary for multiplier dynamics.

= Drawback: an infinite set of LMI constraints. A specific technic
has been implemented to tackle this problem.

> By an approach extracted of mu-analysis, the frequency is seen as an
uncertain parameter: when a solution is obtained at frequency w; a validity
domain[w;,, to;] around w; is evaluated such as the following inequality is
satisfied:

wwe )| “4) | | €U | <o

> By an iterative approach, it is possible to check the solution validity on [0, +oc]
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Resolution by frequency domain

Algorithm 2: Iterative IQC resolution.

Data: A (jw) the stable fixed block of the LFR,
multiplier Il(w:) and w; e IR 4. ¢ = 1,...72r.
Result: A stability proof of the LFR model including
non-linear sector saturations.
while srabiliry nor checked do

For ¢ = 1,...1mnys. check the stability criterion
[ ﬂf{gwﬂ } () [ ﬂi{gwi} ] — o 23

if (23) has solurions then

e Set 1I; «— Il(w;) be the solution obtained at w;.
e Set wg +— w; and apply Proposition 2.

e For each solution II;., a frequency-domain

2; = [w,;,w;] is obtained. Quarw = ;4 -
if 2vapin = [0 + o) then '

The solution composed by the set of I1; is
validated on the whole frequency domain.
Stability is proved, stop.

clse
o Determine the complementary set
QnovaLip — G[D,—I—c:-cn]ﬂ‘w'.ﬁ[_.ln-
o Select one or several frequencies in
| 2yovanin and update the grid.

else
|_ Stability cannot be proved, stop.
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Benchmark: aeroelastic model (Ai
FLIPPER project

Linear aeroelastic model of the aircraft
with free elevators

State Space Model for time simulation or
Transfer Function G(jw) in frequency
domain

F 3
Actuaterforce / Right elevator
/ deflection
F
Actuaterforce / Left elevator
e =T TS Son,
/ deflection

» Problem: analysis stability of a high order aeroelastic model (550 states)
interconnected to 2 sector non-linearities (freeplays);

» The reduction error is modelled by a neglected dynamic A(jw);

> To guarantee the stability on the full order model interconnected to the 2 non-
linearities the analysis is done with the non-linearities + the neglected dynamic
A(jw);
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MATLAB file data.m

»The A block has a specific ordered structure. The different inputs/outputs

of the A block have to respect the following order:
Non-linearities

Dynamic uncertainties

Time varying parameters

Real uncertainties

Polytopic models

AV

> List of fields in the MATLAB file data.m which must/can be filled

wopt=1L[1 ;
Joad closedloopmodel G

NIL . sectoxr=[] ;
NL . slope=1L[1 ;

VectDelta=1L[] ;
PolesFiltexrDU=/L[]

v

Vectdeltal.PV=1[] ;
VarLPV=L[L] ;

VectdeltaRU=/[] ;
PolesFiltexrRU=L[]

v

NbdeltaPolsy=L[1 ;:

ONERA
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Input Data

> All these fields are in the Matlab file data.m

> The initial frequency gridding is: 0, 0.1, 1, 5, 10, 100, 1e4
wopt=[0 0.1 1 5 10 100 1e4]

> An dynamic LTI uncertainty A(jw) € C?*? is considered:
VectDelta=2

> The multiplier pole is chosen at so = 1 rad/s with the structure 2%

PolesFiltreDU=1

> 2 slope restricted sector (0,1) non-linearities are considered:

NL.sector=[1 1];
NL.slope=[1 1];

ONERA
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» The number of decision variables with the frequency domain approach is 9;

» The number of decision variables with the state space representation is 12889
(12880 from P + 9 from M) for a reduced order model of order 152: the problem
IS intractable since the calculation time is superior to 1 day;

> The result is obtained in 4 iterations and with a calculation time of 8s.
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Benchmark: Military aircraft (Dass
European NICE Project =

» 2 kinds of controllers are analyzed: a baseline controller and an anti windup controller
whose the objective is to improve the stability face to the nonlinearities and LTI/LTV
parameters;

> LTV parameters are respectively the Mach number and calibrated air speed,;

» The non linearity is a rate limiter which has been transformed of an equivalent way
into a dead zone of sector (0,1);

» Real uncertainties are uncertainties on the aircraft longitudinal model;

» The analysis is done of the following way: the non linearity sector (0,k) is increased
until the stability criterion cannot be satisfied, d represents the rate of variation of
normalized LTV parameters and u is the normalized non linearity input




MATLAB file data.m

»The A block has a specific ordered structure. The different inputs/outputs

of the A block have to respect the following order:
Non-linearities

Dynamic uncertainties

Time varying parameters

Real uncertainties

Polytopic models

AV

> List of fields in the MATLAB file data.m which must/can be filled

wopt=1L[] ;
lJoad closedloopmodel G

NL .sectoxr=1[1 ;
NL . slope=1L[1 ;

VectDelta=1[] ;
PolesFiltexrDU=[]

LX)

Vectdeltal.PV=L[L] ;
VarLPVv=1[] ;:

VectdeltaRU=[] ;
Pole=FiltexrRU=/[]

Direction - Conférence
v

NbdeltaPolvy=[1] ;
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Input Data

» The initial frequency gridding is: 1, 5, 10, 20, 100:
wopt=[1 5 10 20 100]

> The different fields which must be filled to treat the analysis problem is:

VectdeltaRU=[1 1 1 1 1];
PolesFiltreRU=[10];

VectdeltalPV=[2 8];
VarLPV=[0.2 0.2];

NL.sector=1;

v 5 real LTIl uncertainties repeated once are considered

v 2 LPV repeated respectively twice and eight times

v A low pass filter with a pole at 10 rad/s is considered for the multiplier
v A dead zone represented by a sector (0,1) nonlinearity is considered
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Results (1/2)

» 1 nonlinearity

v Baseline control law: k=0.81

v Anti windup control law: k=0.97

» 1 nonlinearity, 1 LPV, 5 parametric uncertainties

v Baseline controller:

LTI | d=0 | d=0.1 | d=0.2 | d=0.5 | d=0.8 | d=10 | d=100 | d=1000 | X,Y constant
0.78 | 0.77 | 0.74 0.72 0.71 0.69 0.64 0.61 0.60 0.60
u | 4.54 | 4.35 | 3.84 3.57 3.44 3.23 2.78 2.56 2.50 2.50
v Anti windup control law :
LTI | d=0 | d=0.1 | d=0.2 | d=0.5 | d=0.8 | d=10 | d=100 | d=1000 | X,Y constant
0.89 | 0.89 | 0.86 0.8H 0.85 0.84 0.81 0.80 0.74 0.78
9.09 { 9.09 | 7.14 6.67 6.67 6.25 .26 5.00 3.8 4.55




Results (2/2)

»1 nonlinearity, 2 LPV, 5 parametric uncertainties

50

40 F

201

Stability criterion

10

10 L L . .
-20 -10 1] 10 20 30 40 50 60

20t 20log ()

0.2}
0.15
107
0.1Ff

0.05

o
=]
o

Stability criterion

—1“ i I i i i i i |

-10 o 10 20 30 40 50 &0
20log,, ()

Direction -
ra
[=]

ONERA




Conclusion and perspectives

- The IQC approach is able to analyze the stability heterogeneous closed loop

- A KYP lemma-free approach based on frequency dependent inequalities has
been developed and implemented,;

- To guarantee the solution on the whole frequency domain a specific
representation is used where the frequency appears as a continuous variable;

- This approach allows to analyze medium/high order model with a limited
calculation time;

- Perspectives:
Input data compatible with the gss class (in progress)
Possibility to involve irrational multipliers (published) but implementation in progress
Possibility to implement new multipliers (from literature for example)
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